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Abstract 

We give an original analytic construction of hyperkahler ALF metrics 
on some ALE spaces of dihedral type, namely the spaces corresponding to 
minimal resolutions of C^/Pfc, with the binary dihedral group of order 
Ak for an integer k > 2. 



Introduction 



The aim of this paper is to construct ALF gravitational instantons from the 
data of ALE ones, on minimal resolutions of C^/L, for L some binary dihedral 
group. Let us start with a brief review on ALE gravitational instantons. 

Basic material. Consider identified to by the standard canonical relation 
between coordinates, i.e. 

Zi = Xi+ iX2, Z2 = X3+ iX4. 

One shall denote the associated complex structure by Ji; we also denote respec- 
tively by I2 and I3 the complex structures associated to the complex coordinates 
Xi + ixs and X4 + ix2 on the one hand, and Xi + ix^ and X2 + ixs on the other 
hand. This way, one has the quaternionic relations /1/2 = —I2I1 = Izi etc. 

Let us take Ji as a favorite complex structure, meaning that without further 
precisions, we refer implicitly to this complex structure. We define a family of 
finite subgroups of SU{2) acting on W^, the binary dihedral groups: 

Definition 0.1 (Binary dihedral groups.) For k > 2, let o-ct on ~ 

via Ck{zi, Z2) = (e zi, e~ k Z2) , and t via t{zi, Z2) = {z2, —Zi). We call the group 
(Cfc, t) the dihedral group of order Ak, and denote it by V^. 
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Remark 0.2 We are focusing in what follows on the finite groups of this defini- 
tion. In order to avoid confusion though, let us note that to these finite groups 
correspond some Lie groups and root systems. Notice the following shift: to the 
finite group P^. corresponds the Lie groups "of type "■ This being precised, 

when using the notation V^, we will always refer to the finite group; one can thus 
forget about the Lie groups alluded here. 

If r is one of the groups above, then the standard euchdean metric e on 
is clearly invariant under the action of F which acts freely outside of 0, hence 
descends to (M^\{0})/r. For the same reason, Ii (but also I2 and /s) and r make 
sense on (]R^\{0})/r; throughout the paper, we denote the projection — )■ M^/F 
by TT. 

Let us fix A; > 2. Notice that the three polynomials 



u = \ {z?^'z2 - zl'^^'zi) , v = ^ {zl'' + zf) , w = z;z 



1^2 



are invariant under the action of Pfc, and verify the relation: -\-v'^w + w^^^ = 0. 
Actually, one may also check that C[zi, Z'l^*' = C[u,v,w], and moreover that 

Xj,^ := {(u, V, w)eC^\u'^ + v^w + w''+^ = 0} ~ C^/Vk 

as complex orbifolds. 

Now, ALE gravitational instantons can be defined as follows: 

Definition 0.3 We say that {X, g) is an Asymptotically Locally Euclidean gravi- 
tational instanton, or ALE gravitational instanton for short, if it is a hyperkdhler 
complete manifold of real dimension 4, of maximal volume growth, and with square 
integrable Riemannian curvature. 

Notice that the Ricci-flatness of such spaces follows at once from the hyperkahler 
assumption. From the works |BKN| and |Kro2] . those spaces are completely clas- 
sified - let us mention quickly a recent addition to this classification: if one drops 
the hyperkahler assumption (keeping the Ricci-flatness, the Kahler assumption and 
the ALE geometry), one has to add quotients of certain spaces from Kronheimer's 
list l^uv . We will not give here this classification, but instead underline some of 



its consequences. 

To an ALE gravitational instanton (X, g) is attached a finite subgroup F of 
SU{2); then : 

• X\K is diffeomorphic to (M^\i?)/F, where K is some compact subset of X, 
i? is a ball of centered at the origin; 
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• let g be the pull-back to the metric to (M}\B); then Vi{e — g) = 0{r ^ ^) 
for all £ > 0, provided that the diffeomorphism above is well-chosen ; 

• choose three complex structures on X such that the data {g, if) is a 
hyperkahler structure on X; then up to the action of 50(3) on the if , one 
has Vg(/j — if) = 0(r~^~^) for all i > 0. Here the underlining indicates 

the pulling-back to C^, for the same diffeomorphism as that of the previous 
point. 

Example 0.4 (Eguchi-Hanson metric) The Eguchi-Hanson metric on the min- 
imal resolution (for the complex structure Ii) T*P^ o/C^/Z2 is a standard example. 
If one identifies (C^\{0})/Z2 andT*P^\P^, then the (pulled-back) metric can be 
written as e + gi -\- e, with : 

gi =-^-!-^-! — ^^-^^{dxl + dxl — dx\ — dxl) H — ^ ^ — "^-^{dxi ■ dx^ + dx2 ■ dx4) 

H — ^ ^ Q — '^—^{dxi ■ dx4, — dx2 ■ dxs), 
where a-/3 = a®/3 + /3®a;, and 

\{V'')^£\^ = 0{r-^-^) foralli>0. 

Here our identification plays the role of the diffeomorphism; the diffeomorphism is 
thus holomorphic for Ii and if in this situation. However, one can only choose 
if and if so that the diffeomorphism is asymptotically holomorphic for the pairs 
{l2,lf) and (I^jlf), in the sense given above. Notice also that tT^{gi) = 0, so 
that actually det''(e + gi + e) = 1 + 0{r~^). 

Results. We are interested more specifically in this paper in ALE gravitational 
instantons X of dihedral type, i.e. those whose attached group F is one of the 
Pfc of Definition 10.11 In a nutshell, our work consists in constructing analytically 
metrics with different asymptotic geometry on (some of) those spaces, namely ALF 
metrics., modeled on the Taub-NUT metric, described in next part - let us only 
mention here that this metric is Ricci-flat and has cubic volume growth-, pushed- 
forward to C^/F; the acronym ALF stands here for Asymptotically Locally Flat. 
The main result of this paper is the following, for (X, g) an ALE gravitational 
instanton on a minimal resolution of C^/F: 

Theorem 1 There exists a one-parameter family of hyperkahler metrics g FtF,m on 
X , with volume form Qg, which are Kdhler for if , indexed by a "mass " parameter 
m G (0, +oo). When m is fixed, {gRF,m — fm) and V^"'{gRF,m — fm) are 0{R^'^^^) 
for any 6 G (0,1). // one denotes by ojRp^m the Kdhler form gRF,m{lf '■,'), then 
^RF,m o,nd ojg are in the same cohomology class (Theorem \2.1\] . 
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In this statement, fm is a metric on X equal to the push-forward of the Taub- 
NUT metric of parameter m near infinity, and R plays the role of the distance to 
some point for f^. 

Theorem [1] is proved by gluing a potential of the Taub-NUT metric outside a 
compact subset of X, so as to obtain a Kahler metric (for the favorite complex 
structure), which has a small Ricci curvature near infinity. One then has to correct 
the Ricci-form in order to get a Ricci-fiat Kahler metric on the whole X; to this 
aim we use a Calabi-Yau type theorem, which we state: 

Theorem 2 Let {Y, gy , J"^ , ujy) be an ALF Kahler Ji^-manifold of dihedral type. 
Given a function f such that there exists some positive /3 G (0, 1) such that 
(V^^Yf = 0(p~^~^~^) for all i > 0, there exists a unique ip G Cj^^ such that 
(Vf^)V = 0{p-^-^) for alli>0 and 

(wy + iddip) ^ = e^ujy 



( Theorem \2.14\) ■ 



In this statement, p is a distance function for gy. As is said above, an "ALF Kahler 
4-manifold of dihedral type" is modeled on the Taub-NUT metric pushed- forward 
to C^/F; we are still vague about the meaning of this assertion, and will be clearer 
when using Theorem [21 



Organization of the article. In part [H we give an original description of a 1- 
parameter family of Taub-NUT metrics on endowed with its usual complex 
structure Ji; this description is suggested by LeBrun in jLeB| . In particular, we 
give a rather explicit potential for any metric of this family in section 11.11 We also 
compare it to the standard euclidean metric e; we specify a mutual control be- 
tween them, and express objects attached to euclidean geometry (such as the dxj) 
with the help of 1-forms and vector fields better adapted to the Taub-NUT metric 
(section [1.2p . Such a comparison is motivated by the computational considerations 
of the following parts. 

In part [21 we apply the description of part [T] to the construction stated in 
Theorem 12.11 A gluing of the appropriate potential is performed in section 12.21 
On the other hand, the correction of the Ricci form we alluded above needs several 
steps of analytic work, and is dealt with through sections 12.31 to 12.51 

The conclusion of this program relies on Theorem [21 which is proved in part 
[31 with a continuity method. The method is explained in section 13. Ij the analysis 
it requires to work is done in the following section, and the conclusion is given in 
the last section. 
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Let us say now a few words about our construction. First, the objects we 
construct might not be new, see the constructions in [CkH| and |CkK) : though, as 
illustrated by Theorem [1] and the idea of its proof we give, our analytic construction 
is quite explicit, and the models it relies on are quite close to the sought objects, 
which may ease their comprehension. 

We moreover restrict to minimal resolutions; we do not explore the cases of 
other types of finite subgroups of SU{2), namely the cyclic groups, the tetrahedral 
group, the octahedral group and the dodecahedral group, and neither the general 
cases of dihedral ALE instantons. This because: 

• our following construction will not be possible for tetrahedral, octahedral 
and dodecahedral groups (we will use Kahler potentials invariant under the 
actions of cyclic or dihedral groups, but not under those of tetrahedral, oc- 
tahedral and dodecahedral groups); 

• ALF spaces of cyclic types are very well understood: their classification 
has been completely established by Minerbe |Min2] . and these spaces are 
explicitly described by the Gibbons- Hawking 's ansatz; 

• in the general V^. cases, one has to deal with perturbed complex structures, 
and the Kahler potentials we use behave badly with the error terms coming 
from this approximation. Though we do not circumvent this issue so far, we 
can at least focus on the case where one of the complex structures of the 
instanton agrees with one of those on C^. This corresponds to the situation 
where X is a minimal resolution of one of the orbifolds Xj)^, the general 
case corresponding to X being a deformation of a Xjy^, and we hope to deal 
with this general case in a future paper. The main difficulty here is to find 
a better potential for the rough metric, after what our method would apply 
globally unchanged; see section [2^ for further details on this point. 

Besides, a reading of part [2] may allow one to consider our gluing could have been 
better, e.g. using more closely algebraic properties of resolutions to get rid of some 
annoying error terms appearing in the process. Our choice of being non accurate 
at that point is nonetheless guided by the thought that the analytic work we lead 
in part [2] would be rather necessary in a similar construction on deformations of 

c/r. 

Let us underline now the following about Theorem [T] First, the expected 
behaviour of the family {gRF,m) when m goes to is a convergence in topology 
to the initial ALE metric g. This is quite obvious on the model C^, but because 
of our corrections, especially when using Theorem |21 it is not clear yet on the 
considered spaces. Notice also that we do not restrict to presumably "small" 
deformations of the initial ALE metric into ALF metrics. This would correspond to 
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work only with m G (0, mg] for some finite mo; instead we handle our construction 
for all m G (0, +C)o). 

To conclude, we comment briefly Theorem [2l This result comes within the 
general scope of generalizing the celebrated Calabi-Yau theorem (see | Yauj ) to non- 
compact manifolds, initiated by Tian and Yau |TYlt ITY2| . A statement similar 
to ours can be found in |Heit Prop. 4.1] (take the parameter /3 of this statement 
equal to 3), in a more general and abstract framework. One interest of our result 
nonetheless, simply lies in the fact that besides we ask more precise asymptotics 
on our data than Hein does, we get in compensation sharper asymptotics on our 
solution which are useful in establishing Theorem [T] 

Acknowledgements. I am very grateful to my PhD adviser Olivier Biquard for 
introducing me to this subject of differential geometry, and for his precious help 
on this work. I also wish to thank Michael Singer for reading a previous version 
on this text, and Vincent Minerbe for indicating me C. LeBrun's paper |LeB| . 



1 TAUB-NUT METRIC ON 

The Taub-NUT metric on C^, introduced by Hawking |Haw] . is a general pro- 
totype for metrics of ALF gravitational instantons, which are roughly speaking 
complete hyperkahler 4-manifolds of cubic volume growth and whose Riemannian 
curvature has faster than quadratic decay; precisions are made below. 

To describe such a model, we solve an exercise in |LeB] . which is stated so as to 



provide a potential for the Taub-NUT metric for the standard complex structure 
h on C2. 

We then compare the Taub-NUT and the euclidean metrics. 

1.1 A potential for the Taub-NUT metric on 

In |LeB] C. LeBrun suggests the following exercise: let m be a positive parameter, 
and u and v implicitly defined on by formulas: 

I I _ 

(1) 

(we do not make the dependence on m appearent here, since for now we see this 
parameter as fixed; we shall only add m as an index if we need to emphasize this 
dependence). One has: 
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Proposition 1.1 (LeBrun) The metric f associated to the form 

oor := ^dd'{u^ + v^ + m{u^ + v^)) 

for the standard complex structure Ii on is the Tauh-NUT metric. 

Recall briefly the following description for the Taub-NUT metric: it takes 
the form V{dy\ + dy^ + dyl) + V'^rj^, where the yj are the coordinates of M^, 
V = 2m (l + where = yf + y2 + ul, is a connection 1-form on a 

circle bundle over M^\{0} such that drj = *^3dV; a complex structure is moreover 
given for example by Vdyi ^ f], dy2 ^ dy^, the other two being given by cyclic 
permutation of the yj; see e.g. [LfiBj for details. 

Remark 1.2 Notice that with the notations of Definition \U.l\ u andv are invari- 
ant under the action of C^^, whereas that of t interchanges them. As a consequence, 
■u^ + f ^ + m{u^ + v^) is invariant under Vk, and is smooth on (C^\{0})/Pfc. It is 
also invariant under the binary cyclic groups, but not anymore under the binary 

tetrahedral group - generated by V2 and ^5 "^J j ; with e = e^'^l^ - the binary 
octahedral group - generated by the binary tetrahedral group and e*^ ) ^ '^^'^ 
binary icosahedral group - generated by (^~^ -° 2 ^ md ^^23^^%'' -(r,+r/4))' 

fj = g2j7r/5 

As LeBrun leaves the proof to his reader, we shall give our own one here, 
relying on a sequence of basic lemmas. Before this, we shall mention that LeBrun's 
potential may be obtained by hyperkahler quotient considerations; we chose to 
give a less conceptual proof though since it exhibits several objects we shall need 
further. 

Lemma 1.3 The metric f is Ricci-flat; more precisely, = 2Qe, where we recall 
that ^]e is the standard volume form idz^AmMdz2A<m ^ 

Proof. We start by the computation of cof, which goes through that of 
j = 1,2. One has: 



du 1 + 2mf ^ du muv 



2 



dzi (2zi)(l + 2m(M2 + t,2)) ' dz2 ^2(1 + 2m(M2 + t.2)) 
dv mu^v dv 1 + 2mv? 



(2) 



dzi ;zi(l + 2m(M2 + t,2))' dz2 (2^2)(l + 2m(M2 + t;2)) 
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Indeed, differentiating the relation with it follows that 



IN 

2 zi 



I ^ ^ dv \ dui 

m{2u 2uv—] + — 

OZi OZi / OZi 



m{u^—v'^) 



hence, writing e'^("'~^') = u = 2zi[(l + 2mu2)^ - 2muv^]. Similarly, 
applying ^ to the relation \z2\ = e*"*^^ ~" ^v, one gets = (l+2mv'^)-^—2muv-^, 
that is ^ = i^^^^2 Substituting in the previous equality, one has 

du 1 + 2mt>^ 



dzi {2zi){l + 2m{u^ + v^)) ' 

and then ^ = 2-^(^l_^_^^^2 _^_^2yj ■ The other two equalities are obtained by symmetry. 

Set now = \ {u'^ + + m{u* + t;^)) (we will keep this notation throughout 
the paper). According to formulas ([2]), 

2^ - -(1 + W)- + .(1 + 2mv^)- ^ 

and 2g = (1±^^, i.e. 

9o9 (1 + 2mv'^)u'^ . (9(j9 (1 + 2mu^)v'^ 

7;= = = and 7— = — 

ozl Azi oz^ Az2 

by conjugation. Apply again ^ and ^ to those equalities, as well as the relation 
uv = \z\Z'2\ and the formulas ([2]), it follows, setting R = + f^): 

cjf =d(fip 

( u^{\ + 2mf ^) I ,2\ • , _ z^. 1 \ . , 
= — ; — TTTT + m Lzo \idzx A d^i + m2;2-2i 1 H hd^o A dz\ 



-2|;zi|2(l + 4m/2) 

— z^-, 1 1— f v'^{l + 2niu^) . ,2\ . , ,_ 



The conclusion follows from direct computation of a;|, using uv = \z\Z'2\ once more. 
□ 

Let = M/27rZ act on by a ■ (^1,^2) = (e^^^i, e-^^^a)- The infinitesimal 
action is given by the vector field 

f d d d d 

4 := lizi- h Z2t;= - Zi — 

V dzi 0Z2 OZ2 ozi 
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By invariance of u and v under this circle action, it is clear that ^ ■ u = ^ ■ v = 
■ f = 0, and similarly that C^Uf = 0. Let us furthermore consider the (2, 0)-form 
:= dzi A dz2, which is symplectic and holomorphic, so that A B = 4f2e = 2a;|. 
One moreover has C^Q = 0. 

We look for a complex hamiltonian H for the S'^-action, relatively to the sym- 
plectic structure given by B. Now one has l^Q = {zidz2 + Z2dzi) = d{iziZ2), which 
prompts us to set y2 := 'Jm{ziZ2) and := —Dlt{ziZ2), i.e. H = y2 + iy^. 

In the same way, one has C^d'^ip = 0, and the right-hand-side member also 
equals, by Cartan's formula, i^dd'^ip + d{L^d'^{p), hence: t^Uf = —d(^d^ip{^)^, which 
encourages us to set yi = d'^ip{^) this time. All computations done, we state: 

Lemma 1.4 One has yi = — f and thus R indeed equals (yf + 1/2 + v'iY^'^- 
Proof. According to the proof of Lemma flL3p . 

hence the result from formula flLip . 

To get the equality l/i + 1/2 + J/i — il"^^ + '^^)^) is enough to notice that 

y2 + y3 = \y2 + iy3\^ = \ziZ2\'^ = u^v^. □ 

Finally, let us set V = 2. 

Lemma 1.5 One has = j^^^, and hence V = 2m(l + ■ 

Proof. As Ji is the standard complex structure of C^, Ji^ = ~Zi^ — 'Z\-§^ + 
'Z2-§= + Z2-§^- The easy but tedious calculation of = a;f(^,/i^) then follows. 
However, noticing that 

idzx A (izr(^,/i^) = 2|2;ip, idz\ A dz^{^,Ii^) = —2ziZ^, 

idz2 A d'z^{^, Ii^) = -2ziz{, idz2 A dz^{^, h^) = 1\z2^\ 

makes easier the computation of Yl'j k=ii^i)jk'''dzj A d'z^i^, /O- ^ 

In order to get the Taub-NUT metric back under its classical form, we need 
finally a 1-form rj, which would be a connection 1-form for the circle fibration 
w : C^\{0} H-)- M^\{0}, (-21,-22) ^ (z/1j1/2)Z/3). The natural candidate is given by 

V ■= Vhdyi. 

Lemma 1.6 On C^\{-2i2;2 = 0}, one has 

i r n / dli dzi \ 2 ( dz2 \ ' 
^ = T5 ^ \ ~ \~ ' 

AK I \ Zi Zi J \ Z2 -22 / -I 

and ri{C,) = 1 outside of 0. 
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Proof. By definition, i] = Vd^yi = ^iV(2u{du — du) — 2v{dv — dv)). We then 
apply formula ([2]) which gives the first order derivatives of u and v, which can be 
rewritten (with the introduced notations) : 

ydu 1 + 2mv^ y du muv"^ ^ dv mv?v y^'^ ^ ^ 2mv? 
~ AziR 'dl'2 ~ 2Z2R' ~ 2ziR' dl^ ~ AZ2R ^' 

hence (for instance), the component of rj in the direction of dzi is — i-U "^^^^^ M + 

2 • 2 

if = — and similarly for the other three components. A straightforward 
computation suffices to see that r/(^) = 1. □ 

We shall now recover the Taub-NUT metric under a more familiar shape: 

Lemma 1.7 Away from 0, Uf = dxiAri + Vdx2Adxs, and thus f = V{dyl + dy2 + 
dyl) + V-W- 

Proof. This is rather clear that the family formed by dy2 and dy^ is linearly 
independent away from G C^, and that those forms vanish against ^ because 
y2 and 7/3 are invariant under the action of . We see that they vanish as well 
against Ji^, because for instance Iidy2 = dy^. Since dyi vanishes against ^ {yi is 
S^-invariant) but not against Ji^ since Iidyi = V'^rj, and since rj vanishes Ji^ but 
not against ^, we deduce that {dyi,dy2,dys,ri} is free outside of 0. 
Consequently, on C^\{0}, one has at any point the writing: 

UJf = adyi Arj + /3dy2 At] + ^dy^ At] + 6dyi A dy2 + edyi A dy^ + Cdy2 A dy^ 

for some a, . . . , C (depending on the point). Now adyi+ (3dy2+'ydy3 = —t^Uf = dyi, 
thus a = 1 and /3 = 7 = 0, and since u is of type (1, 1), one also has 6 = e = 0. 
It remains to determine the coefficient (; we easily see that 



dyi 



dzi 



Vu^ . u^ 



2|zi|2(l + 4mi?)2 AR\zi\^{l + AmRy 



' d d \ . u^il + 2mf2) . . ,2 
'^f 7^,7= = «7n — in,-, , , — ;^ + ^"^l-22 



whereas 

^dzi dz{) 2|2i|2(l +4mi?) 
hence (wf-c??/i Ary) ( J^, J=) = {j^+m)i\z2\^ . Now since c/ya A c??/3 = 199(1^1^2^), 
dy2 A dy^^-^, ^) = f |2:2p, thus ( = ^'^2R^ ^ ^"^^ lemma is proved. □ 

One easily checks that r/ is a connection 1-form away from for the fibration 
given by w; it is S'-'^-invariant (since R, u, v, etc. are so), and at any point 
p but G C^, since {ri,dyi,dy2,dy3} is a basis of T^C^ and w = (1/1,1/2,2/3), we 
necessarily have TpC^ = ker r/ + kerTvr. 

Finally, the differential of rj has the expected shape: 
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Lemma 1.8 The differential off] is given on C^\{0} by: 

dr] — *^3dV. 

Proof. Our 1-form rj is 5'^-invariant and r]{^) is constant; by Cartan's formula, 
= C^rj = L^drj + d{L^ri) = L^drj, i.e.: the components of dr) in direction of the 
dyj A 77 vanish. Moreover duf = thus according to the latter proposition, drj ~ 
§^dy2 A dys + a2dy^ A dyi + a^dyi A dy2. For the computation of 0:2 and 0:3, 
we do not have such a direct method. However, in order to simplify an explicit 
computation of drj, we can observe the following: 

^v={i+ Dc^'^iog (kiD - (1 - |)ci^iog iiz^n, 

by noticing simply that — R + yi and — R — y\. 

Since log(|^ip) and log(|2;2p) are pluriharmonic outside of {^1 = 0} and {z2 — 
0}, we thus have dr] = \d{^) A (i'=log(|2;i2;2p) = \d{^) A d''\og{yl + yf). Now 

^(^) " ^ (*^^^ ^ yl)dyi - yiy2dy2 - ymdysj 

and 

d^logiyl + Z/a^) = hdlogiyj + yf) = 2^H%^^ 

hence, after computations, drj = —-^dy2 A dy^ — ^dy^ A dyi — ^dyi A dy2 = 
g^c?|/2 A d|/3 + gdya A dyi + ^/y^ A dy2. 

The lemma is proved, at least outside of {,21-22 = 0}, and there is no problem 
in extending the formula to C^\{0} by continuity. □ 



1.2 Comparison of the Euclidean and the Taub-NUT met- 
rics 

1.2.1 Mutual control 

Euclidean and Taub-NUT geometries on are radically different, in the sense 
that e and f are far from being globally mutually bounded. Indeed, euclidean balls 
volume grow proportionally to r^, whereas after noticing that the function R plays 
the role of the distance to on (C^,f), we see that the volume of a big ball of 
radius R of (C^, f ) is essentially proportional to R^. 

Another example of the geometric gap is given by the length of the circles of 
the 5'^-action we used to check that f was the Taub-NUT metric; a circle passing 
through some x e C^\{0} has length 27rr(x) when measured by e, and length 
27ry(x)~^/^ when measured by f; this length tends to 7r-\/2/m when R{x) goes 00 
- which gives us a geometric interpretation of the parameter m. We can nonetheless 
still compare the two metrics as follows: 
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Proposition 1.9 There exists some constant C > such that on minus its 
unit ball, 

C-^r-^e < f < Cr^e. 

Proof. Since f = V{dyf + + dy'^) + -^rf, with rj = IiVdyi and dy^ = Iidy2, 
we sliall first evaluate \dyi\e and \dy2\e- Tlie latter one is immediate, from the 
identity dy2 = ^{zidz2 + Z2dzi — 'Zidz2 — 'Z2d'zi), which provides \dy2\e = cr. Now, 
we rearrange formulas ([T]) to write 

dyi = 2(i + 4^i^) (g'^^'H^^^i + zidzl) - e'''^y^{-2dz2 + ^2^^))- 
This provides \dyi\l= (T^i^lkipe-^™^! + ^^^^2^smy^y |^^|2g-4myi ^ ^2 ^^^^ 

\^^\2^Amy, ^ ^2^ |^^^|2 ^ (e-4m,i^2^g4„^,,^2) ^ cOsh(4myi ) - 

?/i sinh(4m|/i)). Now i? cosh (4m?/i)—?/i sinh(4myi) < i?cosh(4m?/i)+?/i sinh(4m?/i) 
is obvious, and rearranging formulas ([1]) gives also 

2(_Rcosh(4m?/i) + yi sinh(4m?/i)) = r^, (3) 

so finally \dyi\l, < c-^. Those estimates give us the bound f < Cr^e. 

On the other hand, at any point p, one can choose two 1-forms Ci and 62 so 
that (ci, Jci, 62, 162) is a basis of TpC^, and that 

e = + (/ei)2 + + (Jea)' and f = A(e? + (/ei)^) + /i(e^ + (Jea)'), 

A, /i > 0. Since Xfi = det''(f) = 1, one has min(A,/i) = max(A,yu)~^ in an obvious 
way. This allows us to convert the bound f < Cr^e into a bound e < Cr^f . □ 

Remark 1.10 One can notice that with R fixed, the function y 1— )■ Rcosh.{Amy) + 
ysmh.[4:my) is convex and even on [—R,R], so that its minimum is R, and its 
maximum is Re^^ . Consequently, we get from formula ([3]) the inequality on C^; 

2R<r^ < 2i?e^'"^, (4) 

which implies, among others, that R is proper on C^. This latter inequality is 
sharp, in the sense that 2R = on {yi = 0} = {\zi\ = \z2\}, and 2Re^™'^ = on 
{y, = ±R} = {z^Z2 = 0}. 



1.2.2 Expressing euclidean objects in Taub-NUT vocabulary 

We give here some extra entries of the dictionary between the euclidean and 
the Taub-NUT settings on . More precisely, we give in Lemma 11.111 a vector 
field ( helping to complete the dual frame of {V~^^'^r],V^^'^dyi,V^^'^dy2,V^^'^dy^) 
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for f . Then in Lemma I1.12[ we express the canonical frames of 1-forms and vector 
fields of e, i.e. the dxj and the in terms of those of f. 

The essential point in those expressions lies in their computational conse- 
quences; indeed, they allow to compute objects like V^dxj, and estimate quan- 
tities like |V^(ia:j|j. Such estimates will be needed in next part, when constructing 
rough models of Ricci-flat Kahler metrics on the ALE spaces X alluded to in 
Introduction. 

In paragraph II. we used the vector field ^ on C^, which verified ri{C,) = 1, 

dyM) = 0, J = 1,2,3, and dy^ihO = , vihO = dy2ihO = dysihO = 0- We 
shall complete our dual frame with the help of another vector field: 



Lemma 1.11 Define on C^\{0} the vector field 



Then dy2{C) = 1 whereas r]{Q = dyi{Q = dy^lQ = 0, and dy^lIiQ = 1 whereas 
vihO = dyiihO = dy2{IiO = 0. Moreover, [^X] = 0. 

Proof. We only need to check the first list of equalities, since dy^ = Iidy2 and rj = 
IiVdyi. Let us start with dy2{C) = 1- Since dy2 = Yi{zidz2 + Z2dzi—^d'z^—Z2d'zi), 
we get 

But e^™2^i|z2p = e-^"^^i|2ip = and R = l{u^ + v^), hence dy2{C) = 1. 

To check that dy^{Q = 0, use that dy^ = —^{zidz2 + Z2dzi + z^d'Z2 + Z2d'zi); 
this readily gives dy^{Q = 0. Now for the equality dyi{() = 0, we use formula 
i\l.'2.1^ to write dyi{C) = 4^^(1+4^/;) (^1^2 - zTz^ - Z1Z2 + z^) = 0. The equality 
77(C) = follows in the same way, using the formula for 77 of Lemma [1.61 

To see that [^,C] = 0, write [^,C] = ^e*^ ' C|(_o recall that e*^ ■ (-21,-22) = 
(e**-2i, e~**-22). Since yi, R, as well as -2^2^, clearly 

invariant under this action, we get the result. □ 

Lemma 1.12 One has the following formulas for 1-forms: 

dxi = Vxidyi - X2r] + -^^{x4dy2 - x^dys), 
dx2 = Vx2dyi + xif] + -^^i^3dy2 + x^dy^), 

g-4m?/i 

dxs = -Vxsdyi + x^r] H ^rzr-{x2dy2 - xidy^), 

Zri 

dxA = -Vxidyi - X3T] H —fr-{xidy2 + X2(i?/3); 

Ztx 
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and for vector fields: 

d g-4m3/i 



dxi 2R 



dx2 2R 
d _ e^"*2/i 

dx^ ~ 2R 

Q g4mj/i 



dx4 2R 



{-Xs^ + xJ^) + {x,C + X2lC)- 



Proof. We shall only see how those formulas arise for dxi and Indeed, one 
can find the other identities using that dx2 — hdxi, dx^ — T*dxi, dx^^ = hdx^, 
etc., on the euclidean side, and T*yj — —yj, T*r) — —77, r*^ = — ^, t*C = —d(^, etc., 
on the Taub-NUT side. 

Write dxi = adyi + /3ri + 'jdy2 + Sdy^. According to the duality between 
i^-Vh^XJiC) and {r],dyi,dy2,dyz), dxi{$) = ^, dxi{Ii) = -f, dxi{C) = 7 
and dxi{IiC) — S. On the other hand, dxi{^) — \i{zi —'zl) — — ^2, dxi{I^) — 

-\{zi + z{) = -xi, dxliC) = 271? (e^""^'! (-22 - z^+) + 0) = and dxi{IC) = 

_L(e4myi|(^^ + 0) = -^X3, hence the result. 

Similarly write ^ = «^ + + 7C + SIC. Then a = ri{^) = -e-^™?'if|, 

/3 = -Vdy^{£-^) = 7 = dy2{£-^) = x^ and 5 = dyl{£) = -X3, as 

wanted. □ 

Remark 1.13 With the previous formulas, it is easy to observe that 

dxi A dxs + dxi A dx2 — dy2 A 77 + Vdy^ A dyi 

and 

dxi A dx4 + dx2 A ^2:3 = dy^ A 77 + Vdyi A dy2. 

The reason for these identities is the following: one can check that the almost 
complex structures J2 and J3 defined by 

J2Vdy2 = ?7, f JsVdys = 77, 

J2dy3 ^dyi, | Jadyi = dy2, 

are genuine complex structures (this follows from the harmonicity of w^V), and 
setting Ji = h, that we recover with {Jf) the usual hyperkdhler structure for the 
Taub-NUT metric. Since now © has constant norm, hence is parallel, for f, we 
get moreover that f(J2-, ■) = 9lc(©) and f(J3-, •) = Ofm(©). But we already know 
that = e(/2-,-) + ^e(/3-,-). 

Notice moreover that when m = 0, J2 = I2 and J3 = I3. 
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1.2.3 Derivatives 

Consider the orthonormal frame (ej)j=o,...,3 of vector fields given by 

(60,61,62,63) = {v'/%-v'^'h^,V''/W''/'ic) 

away from 0. In what follows, we will have to estimate the Vg.6j. The following 
lemma will make the computations easier: 

Lemma 1.14 One has [60, 6j] = ^^^^60 fori = 1,2,3, and 

for any triple {i,j, k) G X = |(1, 2, 3), (2, 3, 1), (3, 1, 2)}. As a consequence, 

{i,j,k)ex 

with {el,el,el,el) = {V~'/'v,V'/'dyi,V'/'dy2,V'/^dys) . 

Remark 1.15 Since cq = JiCi = 72^2 = Js^s and the (Jj) are parallel, an im- 
mediate induction shows that (V^)^6j = 0{R~^^^^'^) for every i G {0,1,2,3} and 
i > 1. One easily recovers from these estimates that (V^)^Rm^ = 0(R~^^~^^^), 
which is one of the explanation for the terminology "Asymptotically Locally Flat" 
for f . 



Proof of Lemma \1.14\ Once the statement on the Lie brackets is proved, the 
formula for V^6o follows from Koszul formula for the Levi-Civita connection 
and the orthonormality of the frame (6j). Moreover, because of the symmetric 
roles of 61, 62, 63, we shall only see how to compute [60,61] and [61,62]. 

• [60,61]: this bracket is rather easy to compute. Recall that 60 = V^^'^^, 
61 = —V^^'^Ii^, and ^ is holomorphic for Ji, so that [CA^] = 0. Moreover 
since V is invariant under the S^-action a ■ {zi, Z2) = {e'^°'zi, 6~*"z2), ^-V = 
and (/^) • V = -V-'^§^. On the other hand, 

[60, 61] = - [v'/'^, v'/'h^] = -v'/'i^ ■ v'/')hi + v'/\hi) ■ V'"i - V% hi] 

= --V-^—i since i-V = Q and [e, /i^] = 

2 dyi 

1 dV dR 

-eo. 



hence the result, as |^ = and ^ = ^. 
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[61,62]: this bracket is more delicate than the previous one. We start with 

We aheady know (h^) ■ V, and similarly, ( ■ V = We are thus left 

with the computation of [h^, (] = Cj.^C = ||^^o(6*^i«)*C But 6*^i«(zi, Z2) = 
{e~^Zi, 6*^2); moreover, Cj^^^yi = dyi{I^) = — V^~\ and consequently Ci^^^R = 
— From the explicit formula (II. lip , a direct computation yields 

^ kiP / _^_—_^\ / _^_—_^\ 

using formulas ([T]), formulas from Lemma 11.121 and the identities 7/2 = 
j-{ziZ2 -z^), ?/3 = -l{ziZ2 + zTz^), this provides: 

We can finally conclude that: 

[ei, 62] = - ^V-'^^C + + ^(^3^ + ^2/lO 

(1/261 - ?/l62 + 2?/36o). □ 



4i?31/3/2 



2 Application to ALE spaces (minimal resolutions) 

As the Taub-NUT metrics of the previous part are P^-invariant, and since we 
have a biholomorphism between C^/P^ and its minimal resolution X near infinity, 
a natural idea is to push-forward the potential of the Taub-NUT metric to X, 
compute the resulting (l,l)-form, and correct it into a global Ricci-flat Kahler 
form on X. We detail this program in the first section of this part; the following 
four sections are devoted to analytic considerations involved by the program. 

2.1 Description of the program 

In order to construct ALF metrics on ALE gravitational instantons of dihedral 
type, the study of the Taub-NUT metric on suggests the following program; 
here the positive parameter m is fixed: 

1. push the Taub-NUT metric f forward on a neighbourhood of infinity to X; 
if one assumes moreover that X is the minimal resolution of C'^/Vk, one can 
identify Ji and , and then the pushed-forward metric is still Kahler where 
defined, and one can take for it the push-forward of as a potential. 
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2. glue this metric at infinity with the ALE metric to get a Kahler metric on 
the whole X (still with respect to I^), with moreover a small Ricci form at 
infinity. 

3. correct the Ricci form on X to get a Ricci-fiat metric with ALF type asymp- 
totics, and conclude by saying it is hyperkahler. 

In a nutshell, if (X, g) denotes an ALE gravitational instanton as above (mini- 
mal resolution) with volume form Qg, and giving back its freedom to m G (0, +oo), 
the result we get following this program is: 

Theorem 2.1 There exists a one-parameter family of hyperkahler metrics gRF,m 
on X, with volume form Qg, which are Kahler for , indexed by a "mass" pa- 
rameter m G (0, +oo). When m is fixed, {gRF,m. — fm) (iiT'd V^"'{gRF,m — fm) <2?"e 
0{R~^^^) for any 6 G (0, 1). If one denotes hyujRF,m the Kahler form gRF,m{,Ii • , •), 
then u}RF,m o-nd Ug are in the same cohomology class. 

In this statement, is a smooth extension of the pull-back of 7r^,f , with f computed 
with m, via the J;^-holomorphic identification between infinities of C^/'Dfe and X; 
R is defined likewise. 

Let us come back to the program itself; as suggested, we run it once m is fixed, 
so we omit this parameter if not needed. Point 1. is rather clear, and does not 
need further detailed explanations. The gluing (point 2.) will be performed in 
next section. The correction of the Ricci-form (point 3.), which requires several 
steps of extra analytic work, is finally dealt with in sections 12. 3[ 12.41 and 12.51 

Nonetheless, we shall explain first why we restrict ourselves to minimal res- 
olutions from point 1, and do not deal with the general case of deformations. 
Assuming we are in this general situation, call vr the projection — )■ C^/'Dfc and 
$ an asymptotically tri-holomorphic diffeomorphism identifying C'^/V^ and X out- 
side of compact subsets. We thus have three complex structures , verifying the 
quaternionic relations, such that 

|Vi(/,-(7ro$r/f)|^ = O(r-^-0, 

and this is sharp in general. In order to make a rough prototype of a Ricci-flat 
Kahler metric near infinity on X, one would like to take 

idl^d^)i.,l^.), 

where the if stands for (vr o 

Call if the difference Ji — (7ro$)*Jj'^; we can think that for instance the estimate 
|t^|e = 0{r~^) is rather nice. On the other hand, the error term between (tt o $)*f 
and one can interpret dlfd{'K o on as 

(dif d(^)(-, Jr) + idhdip){-, if-) + {dtfdip){-, if ■)• 
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Now, the potential if, which can be rewritten as = |(i? + m(i?^ + ?/^)), is thus 
0(i?^), and easily \dip\f = 0{R), \V^dip\f = 0(1). But because of the rather loose 
mutual control we have between e and f (Proposition II . 9p . this estimate converts 
into = 0(r^^) from inequality (jlj). At that point, we hence have [if'-fiy^lj = 
0{r"^R), which is 0(1). What is to be estimated is however | V^(6^(iv9) j^., which 
is controlled by lif*- |f | V^(i<y9|j. + |c/(/)|f | V^'if" 

But the best we can do so far is : |t^|f | V^'civ^l^ = 0(r"^) = 0(i?^^), which 
may be good enough to go on, if there was not the bad estimate 

\Vhf\^ = 0{R-') (5) 

giving |(i(y9|f I V*'i;f" Ij. = 0(1). This schematic estimation says that {dti dip){-, ly) is 
an error term with the same size as f ; there is no reason that the other error terms 
would compensate it, since 

\{dhd^){;if-)\^ = |f(/r,6f Olf < kf If = 0{R-'), 

and 

\idLfdif){;Lf-)\^ < \difdip\,\Lf\, = 0(i?-l). 

One could think though that we should get and R~^ from the differentiation 
in ([5]); computations like those we make below (see e.g. the proof of Proposition 
12. 3p however show that hope is not justified, and that the regularity we have on 
objects like Li for e does not propagate for such objects when considered via f. 

These heuristic estimates are a bit rough; nonetheless, even a precise compu- 
tation of the objects in play does not enable us to make them better. A way to 
bypass this difficulty may lie in the choice of the potential. 

2.2 Gluing the Kahler metrics 

In this section, we work both on X and on for convenience. Since we fix the 
dihedral group we work with, we fix the notation F = for the rest of the 
article. To simplify the notations, we will not write the pull-backs explicitly when 
there is no risk of confusion. 

Volume forms on minimal resolutions. On minimal resolutions X of C^/F for the 
pair endowed with their ALE metric g, one can assume that the volume 

form Qg is the same as the volume form induced by the euclidean metric on 
X (this holds independently of the dihedral character of F); the volume form Qg 
in Theorem 12.11 is thus well-known. This also tells us that the 0(r~^) term in 
the volume form of the Eguchi-Hanson metric presented in Example 10.41 is only an 
artifact due to the non-exhaustive expansion we give for the metric (nonetheless. 
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this error term seems to be the correct error term in the more general case of 
deformations) . 

The gluing. In order to make a global Kahler metric with f pushed-forward to 
X minus a compact subset, we shall work with Kahler forms and more precisely 
with potentials, and use the already global Ug. We will also need a cut-off smooth 
non-decreasing function, x say, such that 

^ ^ f if t < 0, 
^ [ 1 if t > 1. ^ ' 

We need a smooth nondecreasing convex function as well. We will denote by 
K : M — )• M such a function, with the behaviour: 

^ ' I t if t > 1 

(and as a consequence, one can choose x = k'). 

Moreover, we denote by (fo a smooth function on X such that 

ao := Ug - dd'^o = 0{r-^) and \{V^Y{ug - dd''y^o)\g = 0{r'^-^) 

for all £ > 1, where r is a smooth positive function on X extending the push- 
forward of the usual r of C^. In particular, dd'^ipo > in the sense of (l,l)-forms 
near infinity. Such a cpo can be chosen so that |(V3)Vo| = 0{r^-^) for all i > 0. 

Remark 2.2 Here one could have taken so that the equality ujg = dd'^ipQ exactly 
holds outside of a compact subset of X ; this would have allowed us to avoid the 
analytic machinery we use in the following two sections. We decided however to 
leave the error term ao, somehow artificially, because such a perturbation would 
have to be dealt with if performing our program in the case that X is a deformation 
of C^/F; we think indeed that the analytic considerations developed here would 
transpose nicely to that case, in order to get then a result generalizing Theorem 
\2.1\ to any Vk ALE instanton. 

Recall that is the Taub-NUT potential with fixed mass parameter m. We 
state: 

Proposition 2.3 Take K > so that the identification $ between infinities of 
£? /Vk and X is defined on if > K. Consider rg ^ 1, /3 G (0, 1] and set 
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where 

^0 = Xir - ro)(po 

Then if the parameters K and Tq (resp. (5) are chosen big enough (resp. small 
enough), the symmetric 2-tensor g^ associated to the (1, l)-form 

is well-defined on the whole X, is a Kdhler metric, is ALF in the sense that 

\{Wy{gm - f)|f = 0{R-') for 0,1,2,3 
and its volume form verifies 

\{Vj{nr^-Q,)\^ = 0{R-') 
for £ — 0,1, 2, 3, where Qg is the volume form of the ALE metric g. 

Proof. The proof splits into three steps, the first two corresponding to an analysis 
of each of the two components of the potential In the first step, we deal 

with the component k o (y? — K) and adjust K; roughly speaking, we add an ALF 
part to an ALE Kahler metric, and get a metric which is asymptotically a sum 
ALE+ALF. This is the easy part. In the second step, we deal with x((r — ro)^)<^o; 
this corresponds to kilhng the ALE part of the previous sum, in order to get an 
asymptotically ALF metric. Since we schematically subtract a metric to another 
one, this operation, where tq and /3 are adjusted, needs to be carried out carefully 
to guarantee that the result is still a metric; this is why this second step is a bit 
more delicate than the first one. In the third step, we deal with the asymptotics 
of g^ and of its volume form. 

First step. Take X as in the statement. A direct computation yields: 

dd''{K o{(p- K)) = k" o{ip- K)d(p A d^ip + k' o {ip - K)dd''ip. 

Now since k is convex, k" o ((p — K)dip A d'^ip is always nonnegative in the sense of Ji 
(or I^) (l,l)-forms. Moreover, dd'^ip is nothing but cuf, with cuf = ■) where 

this makes sense, so that finally, as soon as K is big enough, dd'^[n o{tp — K)^ > 
on the whole X, and 

dd'^i^K o ((/? — K)) — oj{ 

near infinity. 

Consequently, oUg + dd'^i^n o[ip — K)^ > ojg on the whole X, and this (l,l)-form 
equals uig + ui^ near infinity, namely on {ip > K -\- 1) . We fix K once for all. 
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Second step. Let us choose now tq so that {r > ro} makes sense on X and is a 
subset of {(f > K}. One has, if setting ckq := ojg — dd'^ipo, which equals ao defined 
in (123) on {r > ro + 1}: 

Ug - dd\{x{{r - r^f)(po) =x((r - r^Y)aQ + (l - x((r - ro)^))^;^ 

where 

=rf<^o A d^r + dr A d'x^Po + (fodder + (/3 - l)(r - ro)"Vo'^^ A rfV 
T =(podr A ci'^r 

We deal separately with the different summands: 

• (l — xiix ~ '"o)^))i^3 is everywhere nonnegative; 

• xijj" ~ '"o)^)'5o is 0{r~^) for g (or e) (independently of /5) and is zero on 
{r < To}, so is bounded below by —\ojf on {r > ro} provided that ro is fixed 
big enough; we fix such an ro once for all; 

• by construction, there exists some constant C (depending on ro, which is 
fixed, but independent of such that: 

\vo\<C{r -r^f, \d(pQ\^<C{r-rQ), \dd''(pQ\^ < C; 

taking a bigger constant (still independent of /3) if necessary to take into 
account the contributions of dr = 0(1), dd'^r = O(^), ~ '''o)^) and so 

on, one thus has: 

- ro)0(r - ro)^-'^p + /3\"{{r-rof) (r - ro)^'^-^T|^ 

<C(/3(r-ro)'' + /32(r-ro)^^) 

on the annulus where the left-hand side member may not vanish identically, 
i.e. {ro < r < ro + 1}. Now on this region (r — ro)'' < 1, so the latter bound 
becomes C(/3 + /S^). 

Take c > small enough so that Uf > -Ug on {r > ro}, and choose /3 small 
enough so that (3 + < ^c{rl+i)^ ■ Then 

Px'iir - rof) (r - ro)''-^S^ + /3\"((r - ro)^) (r - ro)^^-^T > -^Uf 
on {ro < r < ro + 1}, and the left-hand side member vanishes elsewhere. 



21 



From ALE to ALF gravitational instantons 



Finally, on X\{r > vq}, ojm '■= ojg + dd'^^m > i^g', on the annulus {tq < r < 
ro + 1}, Um > \ujf; on the neighbourhood of infinity {r > ro + 1}, Um > |wf. In 
other words, Um is positive, hence Kahler, on the whole X. 

Third step. Near infinity, namely on {r > tq + 1} , ojm = dd'^ip + = oof + a^. We 
are thus left with proving that |(V^)^ao|f = 0{R~'^) for £ G {0, ... , 3}. 

The case £ = does not require much work: write jaolf < |fi'|f|«o|g (o^o is a 
(0,2) tensor) and \g\i = O(r^), since (7 ~ e, so |ao|f = 0(r~^), which is a 0{R~^). 

In order to evaluate V^ao, let us work on C'^\B, where we use global coordinates 
adapted to e, and also of global coordinates and connection 1-from adapted to f . 
We still denote the pull-back of Oq by Oq. Let us write on C'^\B 

ao = ajkdxj A dxk 

so that 

V^ao = dajk ® {dxj A dxk) + ajkV^{dxj A dxk). (7) 

j,k j,k 

On the one hand, Veto = dajk ® [dxj A dxk) is a 0{r~^) for e, i.e. dajk ai'e so. 
Since they are 1-forms, one gets that they are 0{r~^) for f (we lose the we 
won by differentiating ajk), and then that dajk ® {dxj A dxk) is a 0(r~^), hence a 
0{R~^), for f. On the other hand, we have to estimate the V^dxj; we state: 

Lemma 2.4 For j G {1,...,4}, one has \V^dxj\f = 0(r). More generally, for 
any £ >2, one has \ (\/^Ydxj\^ = 0{r). 

We show these estimates after the end of the current proof. 

For now, we conclude from these estimates and formula ((Tj) that jV^'aolf = 
0(r~^), which is a 0{R~^), and we transpose this estimation on X near its infinity. 
It is an easy induction to prove that | (V*')^ao|f = 0{R^^) for i = 2,3. 

Let us deal finally with the final on the volume form of Um- One writes 



~ — (^m ~ ^f) + (^f — ^e) + (^e ^ ^g) 

The asymptotics we proved on cOm — ^f, hence on g„i — f, provide |(V*')^(fim ~ 
^3) If ~ 0{R~^) for £ = 0, . . . , 3. Moreover, the central form i7f — fie vanishes, and 
thanks to our assumption that X is a minimal resolution of C^/F, so does Q^ — ^g- 
□ 



Proof of Lemma\2.4\ We shall only deal with the estimate on V^c/xi, since it will 



be rather clear from our computations that those of the (V^Y'dxi, i > 2, would 
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be established in a similar way. The estimates on the (V^Y'dxj, j = 2,3,4, would 
furthermore be obtained by symmetry. 

From Lemma [1.12[ using the orthonormal frame (e*) given by in Lemma [1.14[ 
one has 



dxi = -XaV^/^e* + V^/^Xiel + -^{V'^l^x^el - y-^l^x^e*^. 

2R 



Thus 

= - dx^ 6d V^/^p.* -\- V^/'^dx, 6d p* -\- - 

2R 

g4m?/i 



g4mj/i 



V^dxi = -dx2® V^'^el + V^/'^dxi ® e\ + ——{V-^''^dx^ ® - V-^'^dx^ ® e^) 



-x,v'{y''\l) + x,y'{y'i\\) + h^{x,y\v-'i'ei)-x,v\v~"'ei)) 

® iV-'/'x,el - V-'/'x^el). 

(8) 

One handles this formula in the following way (estimations are made w.r.t. f): 
• dxi, dx2 = 0{r) so -dx2 ® V^/^e^ + V^/'^dxi ® = 0(r); 
f,4mMj^^_^^ _ _ e'*"^i (^Yx^dyi + x^7]) + Xidy2 + X2dy^, so 



2R ""^4 2B. 
p4ms/i , pimyi , 1/2 „,2 



2i? 



If 



=^"""('''1^ + ^'"'''') 

=0(r), 



since 6^"*^^ = ^(-^fTa) from formula similarly, ^^^^'^a;3 = 0(r). Hence 

^(^-1/2^X4 ® - 1/^1/2^X3 ® e^) = 0(r), and thus the first line of the 
RHS of dHD is a 0(r) ; 

V'{V'/^el), V'{V'/^el), V'{V~'/^e*2) and V'{V~'/^el) = 0{1/R^) from 
Lemma [rm Xi, X2 = 0(r), and ^Xs, ^X4 = O(^), as (e4'"^i)2|22p = 



g4myi^2 ^ (-,(^^2)^ r|nj^g second line of the RHS oi is a. O' " 



• d{^) = ^Rdy^-dR ^imy,^ ^^^^ ^^Adi wc dcducc as abovc that d{^) ® 
{V-^l'^Xiel - V-^''^x^el) = O(^); the last line of the RHS of ([H]) is a O(^). 

Collecting these estimates, we can conclude that |V^(ixi|f = 0(r). □ 

2.3 Making the metric Ricci-flat near infinity 

We shall see now that we can correct our metric to a metric which is Ricci-flat 
in a neighbourhood of infinity. Indeed, before making the metric Ricci-flat on the 
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whole X, which is the final aim of point 4. in the program sketched in paragraph 
12. H we need to control our metric up to higher orders. 

The price to pay to correct Qm is a slight loss of accuracy in the asymptotics of 
the metric for low orders, which may seem paradoxical since we want to improve 
regularity. However, a way to obtain the regularity we need, which is local near 
infinity, once we have a Ricci-fiat metric outside a compact subset, is putting it 
in an adequate gauge, which corresponds to looking at it with a better chart at 
infinity. This compensates the slight loss alluded to above, and provides actually 
asymptotics at any order. 

For now, we settle the problem of getting Ricci-flatness outside of a compact 
subset of X; we perform the change of gauge in next section. 

The first point uses a standard implicit functions theorem; in order to apply it 
properly, we have to introduce quickly weighted Holder spaces. Notice that thanks 
to the asymptotics of Proposition 12. 3[ and since f has a nonnegative injectivity 
radius, so does the metric produced in this proposition; denote this injectivity 
radius by inj^^. 

Definition 2.5 (Weighted Holder spaces.) Let {k,a) G N x [0, 1), and 5 G M. 

For any C°'" tensor u, define 



[u\^{x) = sup 



min(fl(.)"«.fl(,)-')^^g^ (9) 



where R is a positive smooth extension of R on X . 

We define the weighted Holder space C^'" as the space of C^'^ functions f such 
that 



\R'f\\co + ■■■+ P''''(V^'")V||co + sup [/?'=+''(V^'")V]r < +00 



where the norms \\ ■ \\co are computed with gm- We endow this space with this 



Ufc.Q norm. 



In the definition of [-j^ (formula Q), the difference (u{x) — u{y)) is inter- 
preted in a usual way, i.e. bringing u{y) to x with the parallel transport along the 
minimizing geodesic joining y to x. 

Remark 2.6 Notice that in view of the asymptotics of ujm, one would have ob- 
tained the same C^'" if defined with (a smooth extension of) f, as long as k+a+5 < 

?> (6> o;. 

We recall that g is the original hyperkahler ALE metric on X. 
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Proposition 2.7 Take {ai,6i) G (0, 1)^ such that ai + 6i < 1. Then there exists 
Rq = Ro{<yi,Si) and a smooth funt 
Urn + dd'^ip is positive and satisfies 



Rq = Ro{<yi,Si) and a smooth function ip G C|'" fl C^l" H C^l"2 ^'^^h that 



and is thus Ricci-flat, on {R > -Rq + !}■ 

Proof. Consider the cut-off function x of the previous section (see equations ([6])), 
take Rq ^ 1, set xRo = x{R ~ Ro) on {R > Rq} and extend it by in elsewhere; 
this makes sense provided Rq is large enough. 
If we solve the problem 

{OO^ + dd'tpf = (1 - XRoPl + ^XRo^9 (10) 

with ip G C^'"^ n C|'^\ n Cf^2 where > and ai + 5i < 1, such that 

ujm+dd'^ip > 0, then we are done up to the positivity assertion, since the smoothness 
of ip, which is purely local, will follow at once from local ellipticity arguments. 

Now, we want to solve our problem (fTOj) with the implicit function theorem. 
Indeed, the linearisation of the Monge- Ampere operator 

rik+2,13 , r^k,p 



u;2 

m 



(fc > 0, /3 G (0, 1), z/ > 0) is, up to the sign, the Laplacian operator Ag^ of gm- 
Moreover, we know that gm is C^'^^ D C\'^g fl C|'° close to f, with a, 5 G (0, 1), 
a + 5 <1 and a > ai, 5 > 5i. Let us quote the following lemma: 

Lemma 2.8 Take G N, z/ G M such that A; + z/ + ai < 3. The operator Ag^ : 
(jk+2,ai (jk,ai isomorphism if v & (0, 1), and surjective with kernel reduced 

to the constants if v & (—2,0). 

We postpone the proof of this lemma below. 

We get from this lemma isomorphisms A^^ : Cj^"^ — ?■ Cg^^^, -E|^"\(xo) — C^'+s^ 
and E'^^^^Xq) —J- C^^^S where EI{xq) is the space of C* functions vanishing at some 
fixed point Xq G X. 

So the last ingredient we need to apply the implicit function theorem to our 
Monge- Ampere operator is making the right-hand side member in (fTO|) arbitrarily 



close to cu^ in Cj!^^^, C\'^^ and C|'" norms. In other terms, we want the C^'^^^, 
Ci^/i and C|^"^ norms of 

- ((1 - XRo)^^ + 2X^0^3) = 2Xi?o(^m - fig) 
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to be arbitrarily small. Since (V^)^(fim — ^g) = 0{R~^) and ai + 6i < 1, an easy 
interpolation provides this estimate for Rq big enough. 

We can thus apply simultaneously the implicit function theorem for our Monge- 
Ampere operator, and get ipQ G C|^"^ ipi G iPo{xq) + Ef_^^-^{xo) C C|^°\ and 
4'2 £ 'ipo{xo) + -^^^"2(^0) C (^^^"2 satisfying problem (fTOj) . Before we see that 
'4^0 = '^i = we shall check that the u^p^ are positive. 

In any cases, u^. = Um + this o(l) being computed with w^, so that 

u^. is positive near infinity. Now, its volume form, which we can interpret as 
det^'"(c(;^^.)ci;^, never vanishes, and hence neither do its eigenvalues with respect 
to Um- Thus the uj^. are indeed positive as (l,l)-forms on the whole X. 

To see that ipi = ip2, let us set '012 = ^1 — ^^2, call g^p-^ (resp. g^^) the metric 
associated to u^-^ (resp. u^^), and observe that 

(cu^, + w^J A ddxi^u = {uj^i +uj^2) A {u^^ - w^J = u^^ - u^^ = 0. 

On the other hand, u^-^ + u^^ is a Kahler form, namely that associated to gi2 := 
9ipi + 9ip2^ so actually (w^^ + w^j) A ddx'ipu = — ^gi2V'i2 voF^^ In other words, iIji2 
is harmonic for gi2. But '?/'i2 = 0{R^~^), and (712 is close enough to the Kahler 
metric 2g^-^, which is itself close enough to 2gm say, so that we know that ipu is 
constant. Since ipuixo) = 0, ipu = 0, i.e. ipi = ■ip2- The identity ipQ = ipi is 
deduced in the same way. □ 

Notice however that the last argument in the latter proof works thanks to the 
complex dimension 2. 

Proof of Lemma \2M The statement for Ag„ : C^+2'°' C^'°' with v G (0, 1) 
is done in the appendix of [B_MJ. Using the same techniques, and the facts that 
is the first critical weight, authorizing constants, and —2 is the second critical 
weight, we get the assertion on Ag,„ : C^+^.a' _^ (jk,a' ^j^j^ ^ ^ (-2,0). The fact 
that the second critical weight is —2, and not —1, is due to the action of Vk, which 
makes (C^/Pfc,f), hence (X, f), into a circle fibration over M^/ib at infinity. □ 

2.4 Improvement of the asymptotics 

When one has a Ricci-fiat metric, it is a somehow usual trick to put it in an 
adequate gauge to improve the regularity we can state on it. Roughly speaking, this 
process corresponds to look at the metric in a better chart, in which the artifacts of 
its construction disappear, letting one use inductive ellipticity arguments to reach 
the desired regularity. 

We hence want to look at our metric g^ pulled-back by some diffeomorphism, 
or, which is equivalent for our purpose, to look at its pull-back on pulled-back 
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once more by a diffeomorphism of C^; we work on this space instead of X for minor 
technical reasons. Before explaining what will guide us for the choice of such a 
diffeomorphism, let us specify the class we shall take it in. 

2.4.1 The diffeomorphisms 

We recall that the orthonormal frames (ci) and (e*) are given in paragraph 

031 

Definition 2.9 Let {k,a) eW x (0, 1), and let z/ > 0. We denote by Diff^'" the 

class of diffeomorphisms cf) of such that: 

• (f) has regularity {k,a); 

• there exists a constant C such that for any x G 

• take Rq > 1 such that for any X E {R > Rq}, then df(^x, (p^x)) < injf. Denote 
by jx '■ [0, 1] — > the minimizing geodesic for f joining (f){x) to x and by 
p^^ the parallel transport along 7^. Consider the maps (pij : {R > Rq} — )■ M 
given by 

0,,(x) = e*((T.<l>op,^(l)-id)(e,)), 
and extend them smoothly to {R < Rq}. We then ask \\(f)ij\\„k-i,c, to be finite. 

We endow BiS^ '' with the obvious topology. 

In this definition the involved weighted Holder spaces are the analogues for f of 
those of section 1231 for g^- 

This definition gives a concrete idea of what is a diffeomorphism of class C^'", 
and makes the following lemma quite intuitive: 

Lemma 2.10 For any Y G C^'"(C^) with \\Y\\^k,a small enough, the map 

(j)Y -.xi — > expl {Y{x)) 

is in Diff^'". Conversely, any G Diff^'" close enough to the identity has the 
form (pY for a unique Y G C^'". 

In other words, one can parametrize a neighbourhood of identity in Diff by 
a neighbourhood of in C^'°. 

Proof. This statement is standard, so we will content ourselves with a word on 
the injectivity of the 0y. Suppose < 1. Take a triplet {y,xi,X2) of 

points of X such that y = (j)Y{xi) = 0y(a;2)- With the estimate Rm^ = 0{R~^), 
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one gets a constant C independent of the points and Y such that df{xi,X2) < 
C{1 + R{y)) \\Y\\^,,.df{ Xi,X2). This can be made within two steps; first we 
call 7j the geodesic t i— )■ exp^.. (tV^Xi)): 

1. control df{xi,X2) by \p^^{l){Y{xi)) - Py,{l){Y{x2))\'^R{y)-^ (use [BKl Prop. 
6.6]); 

2. interpolate between the geodesies 71 and 72 via a minimizing geodesic a = 
exp^.^(-Z) joining Xi to X2 to get 

K(l)(F(xi))-p,,(l)(F(x2))| <Crff(xi,X2)||F||^.,.(l + i?(l/))"'"'; 

the interpolation can be written for example as 7s(t) = exp^^^^-j [tF (a(s))] . 
□ 

2.4.2 The gauge and its consequences 

We are now ready to put the metric g^, pulled-back to and extended 
smoothly, in so-called Bianchi- gauge with respect to f, at least outside a com- 
pact set. We denote by = 6^ + ^dti^ the Bianchi operator of any Riemannian 
metric on C^. Recall that $ is a holomorphic identification between infinities of 
C^/r and X, and that vr is the projection — )■ C^/F. 

We assume that the parameter 61 in Proposition 12.71 is fixed > |. We state: 

Proposition 2.11 Let (02,62) G (0,1)^ such that a2 < Qi, | < ^2 < ^i, with 
(«!, 61) fixed in Proposition \2. 71 There exists a smooth diffeomorphism G Diff^^°^ 
such that 

i?'^*f(($o7r)*(?^) =0 (11) 

near infinity on C^, where g^ stands for the metric of Proposition WTK Moreover, 
(J) can be chosen so as to commute with the action o/F. 

Before proving Proposition 12. 11^ we state the following consequence: 

Corollary 2.12 Let 62 G (|, 1) and as in Proposition \2. 1 1\ and denote by the 
diffeomorphism induced on the infinity of X by the diffeomorphism cf) of Proposition 
\Km Then (g^, - 0*f) G C^.+^iX, 0*f). 

Proof of Proposition }^. 11\ Recall that x is the smooth nondecreasing cut-off func- 
tion defined such that ([HD holds. Now, for Ri big enough, 

9r, ■= X{R - Ri){'^ o TrTg^ + (l - x{R - Ri))i 
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is a well defined metric on X, and is in the set MetJ^'^\(f) of metrics C^^"\ close to 
f; it is moreover F-invariant. We want to find (j) E Diff J^"^ such that B'f'*^{gji^) = 0, 
so that f ITT]) will be verified on {R > Ri + 1}. Hence we are led to look at the 
operator 

VI/ : Diff^f X MetJ;- (f) ^ ClZ{T*X) 

where of course, Q+'2(T*C2) denotes the space of C^2+2 1-forms on C^. Indeed, 
we want to use the implicit function theorem in a neighbourhood of (id, f ) to find 
once g is fixed, and we are interested in choosing g = g^^. Now, this latter Ri 
can be arbitrarily big, provided that \\gRi — f |Ui."2 is arbitrarily small. But this 

is precisely the case, since {g^ — f) G C^'"^ on X, and a2 < ai, 62 < 61 (whereas 
we would have no mean to claim that \\gRj^ — f IUl^i when Ri goes to 00). 

It only remains to observe that the derivative of \I' at (id, f) with respect to 
its first argument is an isomorphism between Cg'^^iTC^) and Cgl\{T*C^). But 

this derivative is actually, after identifying C^^"2(^**^^) ^'^ C'^^"2(^^^)5 ^^e rough 
Laplacian (V*^)*V^ acting on vector fields, since f is Ricci-flat. It is precisely an 
isomorphism in our situation; until the end of this proof, since we do not use ai 
and 61 anymore, a and 6 stand for 02 and 62- 

• injectivity: take v G Cf" so that (V*')*V^f = 0. For t > 0, one can write 
the integration by parts 

[ (f, (V^)*VMfVol^= / \V^v\\o\^- [ vQV^VYol^^i'-^K 

J{R<t} J{R<t} J{t=R} 

The boundary term is a 0(t^^^^*^'^+^^) = 0{t^~^^) (the spheres of radius t 
have their volume in t"^ in Taub-NUT geometry), and hence V^v = since 
5 > |. Such a w is thus parallel, and since it tends to 0, we must have v = 0. 
Notice that since there is no critical value in (0, 1), the injectivity of (V^)*V^ 
still holds when 5 G (0, |]. 

• surjectivity: according to the theory of elliptic operators in weighted spaces, 
the surjectivity of (V^)*V*' : C^'" — )■ C^^2 amounts to the injectivity of 
(VO*V*^ on C°'^g. Thus if G C^'"^ is in the kernel of (VO*V^ we get by 
weighted elliptic estimates (see the techniques of |BMl App.]) that w G Cf^^. 
Now we noticed that (V^)*V^ is injective on Cf'^^, and thus w = 0. 

Finally, we have to check that the vector field Y such that '^{(pY, gRi) = 
given by the implicit function theorem is F-invariant; it is a direct consequence of 
its uniqueness (if chosen close enough to 0), and the F-invariance of the problem 
\&((/)., = 0. The smoothness of Y, and hence that of (py, is purely local. □ 
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Remark 2.13 We chose to work back on with f instead of staying on X with 
f to have exactly a rough Laplacian, and not (V*')*V^ + Ric^. Indeed, since Ric^ 
has no reason to he small where we extended f on X, we would not have been able 
to give an isomorphism statement for the latter operator. It reduces nonetheless to 
a rough Laplacian near infinity; an alternate proof could thus consist in working 
with diffeomorphism of X minus some compact set, and solve a Dirichlet problem 
as linearized problem. 

Proof of Corollary \2.1^ Take as in Proposition 12.111 Then since g^ is Ricci-flat 
at infinity, one has, outside of a compact subset of X, 

j Ric^* =0, 
\ B^*\g^) = 0. 

Set F := 0*f where it makes sense, and extend it as a Riemannian metric on X. 
Set also 

= Ric(/i) + {5^)*B^h 

for locally Riemannian metrics h, so that $^(F) = ^^{g^) = near infinity. 
Set now e := g^ — F = {g^ — f ) + (f — F) G C^^^l . Since $^ is an operator of order 
2, we can write schematically 

= <I>^(F) - $^((7^) = {d^^^){e) + P{e,de,dh). 

where P(^e,d£,d'^e) is some combination of e, its first and second derivatives, 
which is at least quadratic, and with coefficients depending on F. Now, in local 
coordinates, 

+ (F'^'' — h^"^) [dijhkr — \{dirhjk — djkhir) + dkrhij) 

-{r%ih)TUh)-Tl^ih)TUh)) 

+ Sij [hji>{dih^^){dkhrp + drhpk - dphrk) + hke{dih^^){djhrp + drhjp - dphjr)] 
- [F'^'ild^hkr - dkhr) + \hkrd,F^' + F^'h,^Tl{h) + F^-/ifc^r-(/i)] 

(12) 

where Sij means the symmetrization with respect to indexes i and j of its argument, 
and r(/i) the Christoffel symbols of h. 

The interest of this formula lies in the following: in P(e, Se, (9^e), 
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1. the only occurrence of the second derivatives of e = — F, which we denote 
by d'^e in (fT2|) . is via a tensor of type e d'^e, where is some algebraic 
operation with coefficients depending only on g^p and F; 

2. there is no appearance in ( 1T2|) of terms of type e Q e, unless through a term 
of type e Q e Q de; 

3. the algebraic coefficients are controlled (for F say) in C^'"^. 
Let us sum up those three points by saying that 

(df^^) {e) + eQd^e = eQeQ Pi{e, de) + e Q de Q Pal^, de), (13) 

which provides us with control of (^dp^^) (s) +eQd'^e in C^^^^a- On the other hand, 
since F is Ricci-flat in a neighbourhood of infinity, the derivative (ip$^ there is 
well-known: it is nothing but ^=2p, where =Sfp denotes the Lichnerowicz Laplacian 
associated to F. Now since e G Cl';^^^, the perturbed Laplacian 

(where we emphasize that the bareheaded e is seen as fixed) is Cl'^^^ close to ^^-p, 
and in particular is elliptic near infinity. The weighted estimates are thus the same 
for this operator as for (at least near infinity). Since e G Cl';^^^, we get from 

f fT3|) . which we rewrite as L^e E that e G C*^^|,, near infinity and hence on 

X, since it is smooth. 

Plugging back this estimate into fll3p . we get Lg^e G C^'g^^^, with C'^j+i close 
to l^p. It follows that e G C^'"l near infinity, and thus on the whole X. An 
immediate inductive repetition of these arguments provides finally that e G C^_^_-^^. 
□ 

Reformulation of Corollary \2.1S^ Set now (on C^) = (p*{yj) and fj = (p*{ri), and 

so on, so that near infinity on X, F = V{dy\ + d/y\ + dy"^ + V ^if. Forgetting 
the projection tt and the identification $, since Ji is parallel for g^, in view of 
Corollary \2.12\ it is a rather simple exercise to write 

g^ = V{dyl + dyl + dyl) + 17" + e 
with e G Cr,+i, and {hVdy^ - r)) and {hdy^ - dy^) G Q^+i(F). 
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2.5 Making the metric Ricci-flat on the whole X. 

We perform now the very last step of our program. For this we state a general 
Calabi-Yau theorem for Kahler ALF 4-manifolds of dihedral type -terminology is 
made clear right after the statement-, which we prove in next part: 

Theorem 2.14 Let {Y, gy- . i^v) be an ALF Kdhler 4-tnanifold of dihedral type. 
Given a Cf^^ function f such that there exists some positive (5 G (0, 1) such that 
(ygvyj ^ 0{R-'^-^-^) for all ^ > 0, there exists a unique (/? e C^^ such that 
(Vs^)V = 0{R-^-^) for alie>0 and 

{uY + iddipY ^e^oj^. (14) 

4-manifolds of ALF dihedral type. Before applying this theorem to our construc- 
tion, we shall define the terms it involves. In particular, let us make precise the 
statement "{Y, gy, J^, ujy) is an ALF Kahler 4-manifold of dihedral type". We say 
so if {Y,gy, ^ujy) is a complete Kahler manifold of real dimension 4 such that: 

• outside a compact subset, Y admits a holomorphic two-sheeted covering 
space (y, J^) which is the total space of an 5'^-fibration cc7 = 1/2, 2/3) over 

minus some ball; 

• the fibration is covariant under the Z2-action on 'y: if o; generates the Z2- 
action, then 'w{T{y)) = —zu{y) for any y G ^; 

• gy is asymptotic to some metric h adapted to the fibration; more precisely, 
there exists L > and an 5'^-invariant 1-form fi such that if is the 
infinitesimal generator of the 5'^-action on the fibers, then /x(T) = 1, and 

h := tu*5'R3 + on 

then for some i/ > 0, if we still denote by h its push- forward to Y, 

{W^Yig -h) = Oip-"-^) for all £ > 0. 

We also assume the following decay condition on the connection form /i: 

L>V = Oip""-^-^) for alU > 1, 

where D is the standard connection on and p is the radius on R^, trans- 
posed and extended smoothly on Y. 

• the complex structure and zu are compatible in the sense that: D^{^J^dx\ — 
At) = 0{R-^-^) and D\j^dx2 - dx^) = 0{R-^-^) for all £ > 0. 

One can check that if (Y^gy, ,uy) verifies this definition, then (V^^)^Rm^^ = 
Oip-"-'^-^) for all ^ > 0. 
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Application of Theorem \2.14\ Set Y = X, j"^ = , qy = 5^^, and take the fi- 
bration induced by Z/s) on (C^\-B)/ < (k >, with the diffeomorphism 

involved in the gauge process (section [2. 4p . This provides {X, g^, , u^) the struc- 
ture of an ALF 4-manifold of dihedral type. The parameter L, the geometric inter- 
pretation of which is the length of the fibers at infinity, becomes !Lv^Z^^ Thus set 
/ = log ( y^g^ ) ) so that rig = voF'''; since / is smooth and has compact support, 
it verifies the hypotheses of Theorem 12 . 141 for any /3 G (0, 1). 

The theorem now gives us a <y9 which is in for any /3 G (0, 1) and such that 

[u^ + iddipY = e^uj'^ = 2Qg, 

and urp := + iddip is Kahler by the usual arguments (equivalent to at 
infinity, nowhere- vanishing determinant). The associated Riemannian metric, g^ip 
say, is thus Kahler for and Ricci-flat, and {qrf — 9^) ^ P ^ (O5 1)- 

Conclusion of the program. The Ricci-flat metric g^ip is also hyperkahler; indeed, 
set ujj = g{lf-i ■), j = 2, 3, and denote by 6 the holomorphic (2,0)-form U2 + iu)3. 
Then 6 A 6 = 4Qg. Hence 6 has constant norm with respect to g^p and is thus 
parallel ; so are U2 and U3. Define endomorphisms Jj^ of TX by Uj = gRpiJf-, ■), 
j = 2, 3. Elementary manipulations tell us these are almost-complex structures, 
that gjip is hermitian for them, and that = — 1 if one sets = . 

They are automatically parallel, hence integrable: {gRp, J^) is hyperkahler. 

To sum our construction up, we say for example that g^p is Kahler with respect 
to , hyperkahler with volume form Qg, and {gRp — f) G C*°^_|_2 ^ ^li+i- Now 
gRP may depend on our intermediate steps, like Propositions 12.31 and 12. 71 ; suppose 
then g'j^p is obtained with the same program, but with different parameters ; in 
particular, call 6[ the relevant one. Following the program nevertheless, we see 
that urp — (jj'rp can be written as ddf^v for some v G C'^in(5i s')- Moreover gRp and 
g'pi^p have the same volume form; as a consequence, A^^^^z/ has constant sign, and 
thus z/ = 0, i.e. gRp = g'^p 

A consequence of this uniqueness property is that {gRp — f) G C^j^2 ^ ^l+i 
for any 5 G (0,1); the naive prototype ($ o 7r)*f on X is thus a rather good 
approximation to the desired Ricci-fiat metric. Despite this though, let us observe 
that we have to make some detour by a diffeomorphic perturbation of f to perform 
the last step of our construction. This concludes the program we fixed at the 
beginning of this part, and completes the proof of Theorem 12.11 



33 



From ALE to ALF gravitational instantons 



3 Proof of Theorem \TW 

We shall use for proving Theorem 12.141 a classical method in the study of 
Monge- Ampere equations: the continuity method. This method was suggested by 
E. Calabi for the solution of the complex Monge- Amp ere equation on compact 
Kahler manifolds. Since the successful use by Yau |Yauj of this method, it has 
been adapted to different non-compact settings; let us quote here the version by 
Joyce |Joy[ ch. 8] for ALE manifolds, which greatly inspired ours. We also refer the 
reader to Tian and Yau's seminal work |TY1[ [TY2] . which pioneered the research 
on generalizing Calabi- Yau theorem to non-compact manifolds. We shall mention 
a result by Hein [Hei, Prop. 4.1] too, very similar to ours if taking Hein's parameter 
f3, but dealing with less precise asymptotics. 

We hence start this part by describing the method, and follow by the analytic 
work (in particular, a priori estimates) it requires. 

3.1 The continuity method. 

The principle of this method is not to solve directly the Monge- Ampere equation 
([Hj), but to solve a one-parameter family of such equations in which the right-hand 
side term moves from Uy to e^Uy- Concretely, we consider the equations 

{uY + tddiftr = e'fu^ (Et) 

for t G [0, 1]. Now set S* := {t G [0, 1]| (Ef) has a unique solution ipt G C^}; the 
weighted space involved in this definition is defined on Y in total analogy with 
those of section [2731 (replace Qm by gy, R by p, and so on), and we could express 
Theorem [2.141 bv writing / G ^^^^ ip G C^. 

Up to the uniqueness of the solution of (Eq), it is obvious that G S*. We 
shall then prove: 

1. the set 5* is closed (section l3.2p : 

2. the set S is open (section l3.3p . 

Theorem 12.141 then follows from an immediate connectedness argument. 

In order to prove the openness of S, one observes that the linearisation of the 
Monge- Ampere operator is (nearly) a Laplacian, close enough to A^^; this allows 
one to use the isomorphisms induced between some Holder spaces, plus ellipticity 
of such an operator. This is done in section 13.31 

On the other hand, in order to prove the closedness of S (the hard part), we 
need some compactness properties for solutions of a family of {Et), and this we 
get by establishing a priori estimates on such solutions. This is done in paragraph 
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The easiest part is the uniqueness of the solution of any (Et), and we shall deal 
with it now as a warm-up. 

Lemma 3.1 Let t G [0, 1], and let ipi, be two solutions of [Et). Assume that 
(fi and (f2 £ C'^ . Then (fi = ip2- 

Proof. This is essentially the same argument as that used to prove the uniqueness 
of gjip above, namely if for some t, ipi and are C| solutions of {Et), then 

LlJ^p^ = ujy + iddipi is a Kahler form equivalent to cjy, and denoting by Ai the 
Laplacian of its associated metric, one gets that Ai((y9i — (p2) has constant sign. 
Since ipi — ip2 tends to at infinity, we thus have ifi = ip2- D 

3.2 Closedness of S: a priori estimates. 

3.2.1 C° estimates. 

We are proving in this paragraph an a priori estimate on the C° norm of a 
solution of a Monge- Ampere equation on Y. 

The estimates can already be deduced from |Heil Prop. 4.1]; we give our own 
proof though, because weighted C° estimates will be established below ( ^3.2.3p in 
a very similar but slightly more complicated way. 

The techniques used here are quite close to the ones used by Yau in the compact 
case, namely a recursive use of integration by parts giving a variation of Moser's 
iteration adapted to the Monge-Ampere equation, and their adaptation by Joyce 
for his version of the Calabi-Yau theorem on ALE manifolds. Nonetheless, be- 
cause ALF geometry is quite different from ALE geometry, we write in detail the 
manipulations that need to be adapted to our framework. In particular, because 
of different measures on both sides of a Sobolev inequality (Lemma 13. 3p we make 
a crucial use of, our system of weights in the following integrals is not the same as 
Joyce's. 

We start with the following : 

Lemma 3.2 Let f G ^ (0)1)? ^"■^ V ^ < 7 < /3, such that 

(ojy + iddifY = e^Uy- Then for any p > •y"^, p > 2, 

where both integrals are finite. 

Notice that in this lemma / plays the role of tf in our problem, but this is not 
an issue since a C2 , 2 bound on / gives uniform C2 , 2 bounds on the tf. 



35 



From ALE to ALF gravitational instantons 



Proof of Lemma \3.2[ First, we set T = uy + u},p, with = Uy + idd(f. Picking 
p > 7^^ and p > 2, we claim that 

j d((^|¥p|P-2rfV AT) =0. 

Indeed, for any real number R big enough, if Br denotes the set {p < R} and Sr 
its boundary. Stokes' theorem asserts that 

f d{ifi\ip\P-^d^ip AT) = f ipliflP-^d'ip A T. 

J Bfi J Sn 

Now since the volume of Sr according to g is 0{R^), since T is bounded with 
respect to gy and since (f\(f\^~'^d'^(f = 0{R~^~^) on Sr, we get that the right- 
hand-side term is 0{R^~^), and hence goes to as i? goes to oo by our choice of 
p > 7~^. A little computation yields 

-d{ip\^pY-'^d''^ AT) = <f\<f\P-Hdd^AT+{p-l)\ip\P-HdifAdipAT 

because T is closed. But on the one hand, iddip AT = {u^ — Uy) AT = (e-^ — 
and on the other hand \ip\P~'^idLp A dip = ■^id(^\ip\P^'^) A (9(|v9p/^), hence 

Finally, observe that = lg/|Q;|2^ > g, and that ia Aa A ujy = llal^^cjy 

for any (l,0)-form a, and conclude by setting a = d[\ip\P^'^). The finiteness of the 
integrals in play merely comes from our choice of p. □ 

Next, we want to use the inequality we have just proved with some Sobolev 
embedding to estimate recursively H'/'IIl''^ in terms of Hv^Ulp , with some fixed 
£ > 1, and some positive measure d\. The Sobolev embedding states as : 

Lemma 3.3 There exists a constant Cs such that for any u G H}^^ (hence in Lf^^) 
such that the jy \u\^p~^ vol^^ is finite, one has 




This inequality can be compared to |Heit Prop. 3.2]; we postpone its proof at the 
end of the present paragraph. 

First we initiate the induction by estimating Hv^H^po (or ||</3||/,poe) for some po 
independent of if. It will be relevant to take e = 2, and d\ = p^^ vol^^ in the 
following. Our initial estimation states: 
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Lemma 3.4 Fix some po > 2, po > 7 ^- Then under the assumptions of Lemma 
\3.S\ there exists C only depending on 13, ||/||co ; Po (^f^d g such that \\f\\TPo<^ < C . 

Proof. Apply inequality (fT5|) to u = to get: 

1/2 



Y 



By Lemma [3. 2^ we have 



2po 



P^^voF) < C5 / |rf|^|P"/^|%oF. 



I /* I I /" I I I) 1 

Write |e-' — 1| = [e-' — 1| with a = 2(^+2)^0 b = 1 — a, and apply Holder 
inequality to the right-hand-side term of the inequality above with exponents s = 
^ and t = (1 - i)"^ = This yields: 

d^-,-^voi-V'^-^r / br(--)|e/-i|-V'Y / le/-l|"V'* 



Noticing that je-^ — 1| = 0{p~^^^'^^) (and more precisely that at any point, |e-^ — 



«(po- 


-i)|e^-l|' 








- 1 (/3+2) J 



1| < ell^llcoll/ll^o^^p-C/^+a))^ we get that Jy \^\'^P°\e^ - < C Jy l^l'^^^'p'^ for 

some C depending only on the parameters announced. Moreover, we have that 
{P + 2)bt = ^((/3 + 2) - ^f^) > 3 because po > > /3~\ so that - l]'* 

is finite and equal to some constant, say, also independent of ip. So far, we 
obtain that: 

IPO / VqCCs T^n,upo-l 



and the conclusion follows. □ 



2 

7 

on ||</?|| 2„ from ||^|| : 



We fix now Po = Using the same techniques, we can prove a recursive control 



Lemma 3.5 Under the assumptions of Lemma \3.2\ there exists a constant Ci only 
depending on P , '-f , ||/||c'0 and gy such that for any p > po , \\(f\\^ 2p < C'lPllv'll^p^- 

Proof. The idea is the same as for the previous lemma: apply inequality (IT^ to 
u = |v?P^^, Lemma (3.21 and Holder inequality (with well-chosen exponents). The 
first two give, for p > 7"^, p > 2: 



(^PV^voF^)^^^ < f'^\ I |(^|P-i|e-^ - lIvoF^ 



Y ' 2(p-l;jy 
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Apply now Holder inequality with exponents s = t = p and weights a 
(fe^ = and 6 = 1 - a to write: 



( J Iv^I'V'voF^) 



1/2 



<^^( f l^l^le/-l|(^vol-V'"^'7 / |e/-ir%ol-^^'^ 



^1 

Y ^ ^ JY 



1 



13+2 



(p-l)/p 



But \e^ — < Cp ^ for some constant depending only on /. Moreover, 

(/9 + 2)pb = p{f3 + 1) + 1, which is > 3 as soon as p > this is actually 

automatic since p > 7"^ > and /3 G (0, 1). Since furthermore b = b{p) tends 
to 1^ := 600 > when p goes to 00, ( Jy — l\^vo\^y^^ tends to supy |e-^ — 

when p goes to 00, so we can claim: for all p > Po, { Jy - voF^ < K for 
some K depending only on / (and which we could evaluate in terms of ||/||cg 
only). Finally, we get that for all p > Po'. 

(yj^rp voi-j < [j^i^fp vol- 

< Cip(^ J ly^lV^voP 
with Ci = {l + C)KCs say, which only depends on the parameters announced. □ 

We fix now po = 27"^ in Lemma 13.41 

Lemma 3.6 Under the assumptions of Lemma \3.iA there exist two constants Qq 
and C2 depending only on (5, 7, ||/||co '^^^ 9y such that for any q > 2pQ, 

llv^lU^, < go(C2g)-2/^. 

Letting g go to 00, we get the a priori estimate for (f we are seeking : 
Proposition 3.7 Under the assumptions of Lemma \3.2l there exists a constant 



We conclude this paragraph by the proof of Lemma 13.31 

Proof of Lemma l3. !A We shall prove that there exist two constants Ci and C2 such 
that for any u as in the statement of the lemma. 



(^J lulV^Vol^y^^ < Ci(^y" |dM|J^V0l-+ J |m|V^V01- 



1/2 

(16) 
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and 



Y Jy 



the Lemma will then follow at once. Let us start by the latter inequality. We 
prove it first for u with have compact support in {p > Pq}, where po is chosen 
so that we have the two-sheeted cover ^ described in section [2751 over {p > po}; 
this way, we can replace F by (yfy by /i and u by its pull-back. Decompose u 
as u± + Mo, with Uo{x) the mean value of u along the fiber of w passing by x. 
This makes uq a compactly supported function on M.^\B [B the unit ball). Take 
spherical coordinates (p, 9, (p) on M.^. Then 

= / (9p(Mop)(ipvol"^^ = 2 / uodp{uo)pdpvo\^^ + / uldpvol^^ 
Jp>i Jp>i Jp>i 

which we rewrite as 



/ ulp-"" vof" = -2 [ uodp{uo)p-^ voF 

<2(/ ulp-'^or)"\f d,{u,f^of 
^ J p>i ' ^ J p>\ 



1/2 



I p>\ ' ^ J p>\ 

(Cauchy-Schwarz inequality), i.e. /^^^^ WqP~^ vol"*^ < 4 ^"^^ Ic/mqP vol"^^. 

Now for the component after pulling it back on V, one has u\p~'^ vol'' = 
j^^^^p~'^YO^^ j^^^^u\p. Since has zero mean along the fibers, j^^^^u\p < 
c Jg^^^d\u±\1p for some c independent of the fiber, and thus -u^p^^ vol'' < 
c \du±Wp'''^ vol''; we even have a p~^ factor in the RHS, which we can loosely get 
rid of. Adding these estimations on separate components, we get that u'^p~'^ vol'' < 
C \du\l^Yo\^, which easily transposes on Y with gy- Now, to extend this Hardy 
type inequality to a general u as in the statement, one may proceed as in |Auvt 
§1.4.1]; the only point to be noticed is that the only integrable constant on Y for 
p^^voF^ is (this replaces a zero mean assumption). 

We now prove the Sobolev type inequality (fT6l) . Since such an inequality is 
known on compact manifolds, we can assume that u has compact support on {p > 
Po}. We pull-back m to V once more, and split it again into uq + u±. We easily get 
the inequality on u± (and even a much better one) by using the standard Sobolev 
embedding on the circle. Now for the component u±, we write M^\i? = IJ^>o^^' 
where Ae is the annulus {2^ < P < 2^+^}. Denote by Kg : Ai ^ Ae the homothety 
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of factor 2^, and write: 



oo „ oo „ 

£=0 ■^■^i £=0 "^-^i 



<E(2 

oo 



t\2. 



|rf(/€*Mo)pVOp 



^1 



* 1 2 1^ 
K«Mo| vol 



£=0 



^1 



kopvoF + 



|(iMo| p vol 



The norms here are taken for g^^z. We used the Sobolev embedding L^'^(^i) — )■ 
L'^(^i) between the first and the second lines, and denoted its norm (to the power 
4) by c. □ 



3.2.2 Unweighted second order and third order estimates. 

The technique we use here is really the same as that used by Joyce in the ALE 
case, and which is essentially the same as in the compact case. It is based on the 
following observation. 

Proposition 3.8 Let f E ^ , (3 e (0, 1), and if E n C^^, < 7 < /3, 

such that (wy + iddifY = e^Uy- Denote by F the function log(4 — A(f) — mp on 
Y where k, is any constant and A the Laplacian of gy, and by A' the Laplacian 
operator with respect to u^. Then there exists a constant C depending only on 
II Rm'^^ 1 1 (70 such that 

A'F < (4- A^)-^||A/||co + /t(2-tr'^^ + Ctr'^^ wy. 

We do not prove this proposition, because (up to some minor changes, like 4, 
which is the real dimension of Y, instead of its complex dimension because we use 
idd instead of dd'^) it all comes from a local formula, which is proved in | Yau| . |Aub| 
or I Joy| ■ Nevertheless, because the computation of this formula can be considered 
as a tour-de-force, we quote it now: in the conditions of the proposition, if g' is the 
metric uj^{-, Jy), in local holomorphic coordinates and with Einstein's summation 
convention, one has 

A'(Av.) = - 2A/ + Ag^'^g'^^g'-^'V^^^^V-,,,^ 

+ Ag"''g'''{{Rm-n'-s,^^.e-'P - {Rmn'^^,V,,^). 

Here and in what follows, V is the Levi-Civita connection of gy- We bring also 
the precision that 4 — Aip is always positive: take the trace with respect to uy of 
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ujip, which is automatically positive as we saw when proving the uniqueness of the 
solution of (Et)), and even > 4e-'^/^, so that its inverse is a priori bounded above. 

Furthermore, it is not hard to deduce from Proposition 13.81 a second order 
estimate on (p: 

Corollary 3.9 Under the assumptions of Proposition l37^ there exists a constant 
Q > depending only on (3, 7, ||/i|co ? Il^/||c0; 9, ^ one? || Rm'^'*' \\co such that 
Aip > -Q. 

Proof. Fix /€ = C + 1 in Proposition 13.81 Two situations can occur: the function 
F of this proposition achieves its supremum or not. If not, since decay conditions 
imply that it tends to 2 log 2 at infinity, we get that 4 — A(p < 4e'*'^, and conclude 
with Proposition 13.71 

If now F achieves its supremum, at a point p say, we have that A'F{p) > 0, 
and a little computation using this inequality shows that at p, tr"^ uy < C" : = 
Ak + iell^llco/2||A/||co. From this we get F{p) < \\f\\co + log(2C") + k||(/3||co, and 
since F < F{p) on Y, the conclusion follows, noticing that C and Hy^Hco only 
depend on the parameters announced in Propositions 13.71 and 13.81 Details can be 
found in [Joy|. □ 

Using now the positivity condition on u^^ and the upper and lower estimates 
on Aif, one gets : 

Proposition 3.10 Let f e n /3 g (0, 1), and ipeC^n C^^, < 7 < /3, 
such that {ujy + iddip^'^ = e^Uy- Then there exist some constants Qi and Q2 
depending only on P, 7, ll/H^o ; ll^/llco? 9y, o-nd || Rm*^^ Hc-o such that 

IliSSv^ll „ < Qi and Q^^ujy < < Q2^y- 



Finally, we give a third order estimate : 

Proposition 3.11 Let f e nC^, (3 e (0, 1), and peC^n Cl^, < 7 < /3, 
such that {ujy + iddp^ = e^Uy- Then there exists a constant Qs depending only 
on 13, 7, ll/llco,^^, Il/llc3, 9, and \\ Rm'^^ ||ci such that \\\/iddip\\^o < Qi- 

Proof. Here again we do not give the complete proof because it is very similar 
to the one in [ JoyJ . We only say a few words about the main ingredients. Set 
S so that 45*^ = || Vi59(y9||^o, with V the Levi-Civita connection of gy. Formula 
f fT7|) tells us that A' (Ay?) > cS"^ — C for some constants c > and C depending 
only on the parameters announced. Moreover, a hard but local computation shows 
that A'(S'^) is equal to a nonpositive quantity plus a linear term (with coefficients 
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that are polynomials in e-^ , cUi^, V^/, Rm^^) in Viddip and a quadratic term (with 
coefficients that are polynomials in , w^,, V^/, Vi?) in Viddif. This we can 
sum up by saying there exists a constant C depending only on the parameters 
announced such that A' (5^) < C^S"^ + S). Now those considerations give A' (5^ — 
2c~^CC'A<f) < -C{S - + Ic-^CC + \C; one concludes according to (5^ - 
2c^^CC"Ay9) achieves its supremum at some point (and using its A' is > at this 
point) or not (and using decay conditions). □ 

3.2.3 estimates. 

We now prove an estimate on a weighted C°-norm of a solution of a complex 
Monge- Ampere equation on Y . 

For this, we take a point of view close to that of paragraph 13.2.11 but we esti- 
mate ||(/9p''||co (i.e. ||(y9||(^o), b G (0,7), instead of ||9?||co with the same iteration. 
Of course, putting a weight (f^ makes the integrations by parts a bit more com- 
plicated, but the whole spirit of the proof remains the same. Here again we write 
the computations in detail since they differ at some points from Joyce's. 

To begin with, we state the weighted integration by parts formula we are using 
in our iteration scheme: 

Lemma 3.12 Let f G e (0, 1), and (y? G C^, < 7 < /3, such that 

(uy + iddifY = e^Uy- Set T = uy + OJ^. Then for any p > 2, q such that 
P7 - g > 1, 

where those integrals are finite. 

Proof. As in (J^, we say that c/[pVl</'l^"Vf^V AT + (p-2)g|(/7| AT] = 0, 
because of the same Stokes' argument as in the proof of Lemma [3l2l Now, a direct 
computation yields 

d[p^<f\<f\P-^p'^d''if AT+{p- 2)g|^|V"^ A T] 

=p\p - 1)|(^|P- Vd(^ A rfV A T + p^\y^\P~^p'^dd^^ A T 

+ 2pq{p - l)(^|(^|P-V-irfV AT + q{q-l){p- 2)\^\Pp'^-^dp Ad'pAT 
+ {p- 2)q\if\Pp'^~^dd^p A T 

(notice that dip A d'^p AT = dp A d^ip A T since T is of bidegree (1, 1)). On the 
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other hand, 

2 2 

+ ^{^{P-^^p^'^dp A rfV A T. 
Comparing those identities one can write 

d[p^<f\<f\P-^p^d^ip AT+{p- 2)g|y?| A T] 

=4(p- l)c/(|¥p|f/V/2) Ac/"(|y5|P/V/2) AT + pVlv'l^'Vf^f^V AT 
+ ?l<^l - 2)pdd"p A T - (p + g - 2)dp A rf^ A T] . 

Then conclude after dividing this by 2, integrating both sides over Y and noticing 
that iddif AT = {e^ — l)u'^ and T > cjy. Checking that all resulting integrals are 
finite is straightforward with the assumption p7 — g > 1. □ 

Now fix (5 e (0,7); we take q in the latter lemma as p6, so the condition 
P'-y — q > 1 becomes p > ^p^. The following lemma initiates our sequence of 
recursive controls: 

Lemma 3.13 Fix Pq > 2, p'q > p'q > po = - ■ Under the assumptions of 



Proposition \3.1(A there exists a constant Cq depending only onp^, (3, 7, 6, 



eg 



/3+2' 



1^72, g, and || Rm'^'^ Hc-o such that \\^p \\^p'^ < Cq. 
We recall that d\ is the measure p~^ voF'^ 



9y 



Proof. From Lemma [3.121 and Proposition I3.10[ and also the facts that dp = 0(1) 
and dd'^p = 0{p~^), we get two constants Ci, C2 depending only on the parameters 
announced such that for every p > 

f \d{\ip\P/^p''/^)\\o\'^ <cip f lipf-y^-^f^+^Kol'^ +C2P f |<^|V^-'voF^ . 

(18) 

We now play the same game of Holder inequalities as in paragraph 13.2.11 for the 
first summand of the right-hand side. Indeed, 

f \^\p-^pPS-iP+^)yo\'y < / p^*voF-)'^*( f il^lp'yPp-'yol^^y'"'^^''. 

with t= {l- = ^ and 6 = ^ + 5 - (/3 + 2). Notice that the condition 

bt < —3, which ensures the convergence of J^p^*voF^, is equivalent to p > 
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and is thus automatically verified for the p we work with. Furthermore, when p 
goes to oo, bt tends to —3 + 2(6 — which is < —3; the quantity ( Jy p^* voF"*' ) 
is thus bounded above by some constant Ci depending only on our parameters 
for the considered p, if we choose them away from = ~:; the choice p > p'q is 
convenient. 

On the other hand, we have to argue in a slightly different way for the summand 
Jy |(/?|P//^-2voF^' of (Hg). Let us write 

f |(^iv''-2voF^ < ( /" |(^rp-^voF^y^*(^ f {\ip\p^ypp-^vo\<^y^\ 

where i + 1 = 1, Mzi _ i = _ 2 and f + f = p. This gives s = ^ := s{p) 

2p5 



pS+1 



(well-defined and > 2 as soon as p > i, and tends to 2 as p goes to 00), t 
(which tends to 2) and ^ = f = ^Jf^ (which tends to |). Now the condition 
rj > 2 ensures the convergence of jy \ip\''' vo\^^ , and this condition turns out 
to be equivalent to p > which we assume. 

Moreover, when p ranges over [p'^, 00) for Pq > (e.g. p'q = :^), r ranges over 

[ro,|), with ro = pf^li > 2. From Lemma 13.6^ {^Jy\'^\'p~^^d^^^^^ (converges 
and) is bounded by some constant C2. This constant C2 depends only on the 
parameters announced. Finally, we can sum all this up saying that for p > p'q, 

|9(|y.r/V/2)|%oF- < c^C^pypX-.^ + C2C2PypXt^'^■ 



Y 

Take p = p'q, and apply inequality (ITSl) to the LHS, with 
yields : 

L L L 

d\ dX dX 

and one concludes noticing that p'q > p'q — 1 and p'q > 2p'q/s{p'q), as s{p'q) > 2. □ 

We fix p'q = so that it verifies all the assumptions of the latter lemma. As 
in paragraph 13.2. 1^ the last step makes the transition from ||y9p''||^p^ to ||(y9p''||^2p 
for big enough p : 

Lemma 3.14 Under the assumptions of Proposition [X70|, there exists constants 
Ci and C2 only depending on 13, 7, 6, H/Hc-o ^, ||/||c2, g, fn and \\R^\\co such that 

for all p>p'q = yp^\\^.2p < CipWifp^Wl'p^ + C2p\\(pp^\\lp ■ 

Proof. We saw in the beginning of the proof of Lemma [3. 131 that there exist Ci and 
C2 depending only on the parameters announced such that for all p > 

[ |9(|(^|P/V^2)rvoF'' < ciP / |<^|P"V''-(''+^WoF^ +C2P / It^lV'^-^voF'' ■ 
Jy Jy Jy 
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We deal again with the two summands of the right-hand side separately. For the 
concerned p, V'^-(''+2) voF^ = Jy{\ip\p^y-^p^-^'^+^'^ voW^ and by Holder 

inequality this is bounded above by 

( |^/(-'^)--vol-)^'^( 1^(1^1/) vol- )^^"^'^ 

The first integral converges for p > Yijifr^) which is automatic if p > and its 
^-th power tends to supy p''"''"^ as p goes to infinity, so we get the constant Ci of 
the statement (after multiplying by Ci), if we restrict to p G [^p^, oo). 

Let us deal next with the summand vol— ; we can take C2 = 

C2supy without more efforts, and the lemma is proved. □ 

Under the assumptions of Proposition 13.101 and the condition S G (0,7), it is 
again an easy exercise, in view of Lemmas 13.131 and I3.14[ to get two constants Qg 
and C3 depending only on the same parameters as those announced in Lemma 
13.141 such that for every p > p'q, we have IIv^P^IIl^^ < QsiC3p)~'^^P. Letting p go to 
00, we can conclude: 

Proposition 3.15 Under the assumptions of Proposition 137TU and assuming 6 G 
(0,7), there exists a constant Qs depending only on (3, 7, 5, ||/||co ? Il/llc^, Qy , 
and II Rm'^'^ \\co such that Hv^Hc-o < Qs- 

3.2.4 C"='° and Q*^'" estimates. 

We shall now state (unweighted) higher order a priori estimates : 

Proposition 3.16 Let f G ^ C^'"' ^ ^ (0. 1), A; > 3, a G (0, 1) and ip G 

nCf„,, < 7 < /S, such that {uy + idd^Y = 6^00^. Then ip G and there 

exists a constant Q^^a only depending on (3, 7, k, a, H/Hc-o^^, ||/||c'fc,Q and \\gy\\ck,a 
such that \\ip\\Qk+2,a < Qk,a- 

Proof. The theorem follows from an inductive use of the crucial Aubin-Yau formula 
f fT7|) . which we recall here: 

A'(Av9) = - 2A/ + 4gfg'^~Pg'^'V^^,^V-,^,^ 

+ 4g'-^g^'{{Rm^-rs,0^ae-^ - (Rm--)%,-V,,^) 

(A' stands for the scalar Laplacian with respect to u^p). 

To begin with, suppose k = 3. Then according to the assumptions on / and the 
conclusions of Propositions 13.101 and I3.1H we have for the moment a C° estimate 
in terms of the parameters announced on the right-hand side. 
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Now the geometry of Y and the asymptotics of gy allow us to take an atlas 
of Y of holomorphic balls with uniform radius, such that the pull-backs of gy to 
these balls are uniformly bounded above and below, and so are the pull-backs of 
g'. As a consequence the Laplacian operators associated to these latter Kahler 
metrics are uniformly elliptic in C° sense. We can ask furthermore that the family 
of those balls with the half radius still gives an atlas. 

To say this more precisely, we have a family of holomorphic charts tTj : -8(0, 1) — )■ 
Y, i eX, such that Y = [j.^^7ri{B{0, 1)) = [j^^j-Hi{B{0, i)) and such that there 
exist constants c > and C depending on the parameters announced such that for 
all i e X, ce < 7c*g' < Ce. Then the it* A' are uniformly elliptic, in the C° sense. 

Pulling back the formula above by any tTj, the right-hand side is bounded 
independently of i, and so is iT*{Aip). The standard Morrey-Schauder's theorem 
tells us that the 7i*{A(f) is bounded in C^'" on 5(0, |), again independently of 
i; a careful reading shows quickly that this uniform bound depends only on the 
parameters of the statement. We can reformulate all this saying that A(f is in 
C^'"", and the corresponding norm is controlled in terms of the parameters. 

On the other hand, TT*{A(p) = {7r*A){n*(p). We can also suppose our covering is 
taken so that there exist constants c > and C depending only on the parameters 
announced such that for all i E I, ce < Tx*g and H^fUc-i.a < C. This allows us to 
apply again a Schauder estimate, and conclude that we have a uniform bound on 
the 7r*(y9 in C^'"(i?(0, ^)), that is: G C^'" and the corresponding norm is again 
controlled in terms of the parameters announced. 

This settles the = 3 case. Now observe that a C^'" bound on ip together with 
the assumptions on / (at least, a C^'" bound) give a bound on the right-hand 
side of ( !T7|) . Applying again twice the Schauder estimates (once with A' which is 
uniformly elliptic in the sense from the previous case, and once to A which 
is uniformly elliptic in the C^'" sense) after refining the covering if needed so, one 
gets the announced C^'" estimate on ip. Following once more this scheme using 
in particular the C'^'" bounds on /, and noticing the Schauder estimates include 
regularity before giving bounds on C^'" norms, we get the result with k = 5. For 
the general case, just follow the initiated induction. □ 

We state a similar result for the weighted higher order estimates : 

Proposition 3.17 Let f G Cjfa ^C, /3 e (0,1), k > 3, a e (0,1) and e 

C'^ n CL, < 7 < /3, such that {ooy + iddp)f = e^oo^. Then ^ e 
Moreover, there exists a constant Qk, a, depending on only (5, 7, k, a, \\(p\\^k,a and 

ll/ll^fe.a such that \\Lp\\^k + 2,a < Qk,a,T 

Proof. We use a technical lemma from [Joy], (Proposition 8.6.12, p. 197), which 
remains true in our ALF setting; its utility lies in the rescaling process used in 
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establishing elliptic weighted estimates. The lemma states, with our notations: 

Lemma 3.18 Let Ki, K2 > 0, A G [0, 1] and k > 3 be an integer. Then there 
exists K3 depending only on a, P, 7, ||<y3||co (I'^d Ki, K2, A, k such that the following 
holds: 

Under the assumptions of Proposition \3.11\ and if\\f\\^k.a < Ki, || V-'c/rf^y^H^o ^ 
K2, I = 0,...,k and [V^^^rfV] Afc+(A-i)a ^ ^2, then: \\V^dd^<^\\^o < K3, 
i = 0,...,k + 2and [V^rfrfV] < K,. 

The [■]" are analogous to those used in 12. 5^ with Y, gy and p instead of X, g^ 
and R. 

Proof of Lemma \3. 1^ The major change here is that the injectivity radius does not 
grow as fast as p, but instead remains bounded, essentially by half the length of the 
fibers. But this is not an issue. Indeed, the Riemannian exponential map is still 
well defined, and authorizes the following manipulations. Given x G {p > 2po} 
(po determined later), identify {TxY, Jy , gy) with and (C^,/i,e). Take i? > 0, 
and denote by tir^^ the map i?e(0, 1) — ?■ Bg^^x^R), y (-)■ expf'>'(i??/); it is not 
a diffeomorphism in general, since large balls wrap following asymptotically the 
fibers of w. We can nonetheless define the operator Pxfi '■ C'^^^'°(-Be(0, 1)) 
C^'"(5e(0,l)) by 



j2 {'^R,x*{idd)){v) A -KR/iujy + 



,, \ n T} r,. I iuu ] J rty ] / \ /I p ^. i ujv -r u 

Then one can take R = Lp{x)^ with L = L{po, X, gy) small enough so that 
Bgy{x, R) C {p > po}; this way one has 

\\R''^'^x,R*gY - e||(^fc,„ < ^ for all x e {p > 2po}, and 

\\R~'^1Tx^RUy - We||c-fc,c < ^ all X G {p > 2po}, 

if po is chosen big enough, thanks to the asymptotic geometry of gy. Now the rest of 
Joyce's proof applies unchanged (in particular, one is brought to using Schauder 
estimates between the fixed balls i?e(0,2) and i?e(0, 1), with a 0^'°" uniformly 
elliptic family of operators), since the identity 

is again just a rewriting of the pulled-back Monge- Ampere equation verified by ip. 
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To complete the present proof though, one has to deal with the compact sub- 
set {p < 2po}; in that case, the estimates of the statement are an immediate 
consequence of the unweighted estimates of Proposition 13.161 ■ 



Now Proposition 13 . 1 71 follows from a repeated use of Lemma EUHl as in |Joy[ p. 
195]. At the end of the argument, we pass to A = 1 in this lemma, which precisely 
gives estimates on the II V^'c/dVlIco , ^ = 0, . . . , + 2, and on [V'=drfV]"+(fe+2)+a' 
i.e. on ||(i(i^(y9||^fe,a. □ 

3.2.5 Closedness of S 

We conclude this section by the proof of the closedness of S. Take a sequence 
(tj) of elements of S, converging to some too ^ [0, 1]; in particular, each (ft,. G C^2- 
Pick a G (0, 1). From Proposition 13 . 1 7( since the tjf now play the role of the / of 
that Proposition, we have a bound on \\ipt^ ||(^5,a which depends only and 

the Ilc-o^^^. But from Proposition 13. 15( we also have a bound on the ||y9fj|(70^_^, 
which depends only on ||/||(-^3,a. In other words, (ftj) is bounded in C^'^^, and 
thus converges weakly to some ipao ^ C*^/2- Now the inclusion C*^/^ ^^'/a"^ 
compact; we can thus assume that (v?t,) converges strongly to ipoo in C^'/l^^- In 



particular the (Et^) pass to the limit to give: 



Y- 



Developing this latter equation yields: Uy + ^uy A iddipoo + {iddipooY = e^*°°Uy 
that is: _ 

On the other hand, A : C^'^^^ ^ C^I^^f is an isomorphism for any 7 G (0,1); 
this follows from |BM[ App. A]. In view of the latter equation, we hence get 
ifioo £ C|'"^^. Apply Proposition 13.171 to conclude that (pao ^ C*^? and thus that 

too G 5. □ 

3.3 Openness of S. 

The only point we are left with is the openness of S; we settle it now. Let t G S*; 
write cut for uy + iddipf We already know that Ut is Kahler. Moreover, the 
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linearisation of the Monge- Ampere operator 

[ojy + iddip) ^ 

with a G (0, 1), at point yjj, is — ^Aj, where At is the Laplacian of ut- Now 
Ut is close to uy] it follows that At, and hence — ^At, are isomorphisms 

C|'" — )■ C|^2- Consequently, (Eg) has a (necessarily unique) solution (fg G C^'" 
for all s close to t. At last, we apply Proposition 13.171 to get that those ifg are in 
(72°, which ends the proof of the openness of S, and that of Theorem 12.141 □ 
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